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FANO 4-FOLDS, FLIPS, AND BLOW-UPS OF POINTS
C. CASAGRANDE
Abstract. We study smooth, complex Fano 4-folds X with large Picard number ρX ,
with techniques from birational geometry. Our main result is that if X is isomorphic
in codimension one to the blow-up of a smooth projective 4-fold Y at a point, then
ρX ≤ 12. We give examples of such X with Picard number up to 9. The main theme
(and tool) is the study of fixed prime divisors in Fano 4-folds, especially in the case
ρX > 6, in which we give some general results of independent interest.
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1. Introduction
In this paper we study (smooth, complex) Fano 4-folds X with large Picard number
ρX . Let us recall that ρX is equal to the second Betti number of X, and since there are
finitely many families of Fano 4-folds, ρX is bounded. We also have an explicit bound
on ρX (see [Cas13b, Rem. 3.1]), which however is, conjecturally, far from being sharp;
the maximal value of ρX for a Fano 4-fold X is not yet known.
2010 Mathematics Subject Classification. 14J45,14J35,14E30.
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As for examples, taking products of del Pezzo surfaces one gets Fano 4-folds with
Picard number up to 18; to the author’s knowledge, the other known examples of Fano
4-folds have ρ ≤ 9. In fact, for ρ = 7, 8, 9, the author is aware of only one family (for
each ρ) of Fano 4-folds which is not a product of surfaces, obtained as follows. Consider
the blow-up Blp1,...,pr P
4 of P4 in r general points. For r = 2, . . . , 8 this variety is not
Fano, but can be modified with a finite sequence of flips1 in order to get a smooth Fano
4-fold X with ρX = 1 + r ≤ 9; we refer the reader to Example 6.1 for more details.
The main object of this paper is the study of Fano 4-folds obtained as in the previous
example: by the blow-up of a (smooth) point, followed by a sequence of flips.
Let us first recall that Fano manifolds that can be obtained by blowing-up a point
in another manifold have been classified, in arbitrary dimension ≥ 3, by Bonavero,
Campana, and Wi´sniewski [BCW02]; in particular such X always has ρX ≤ 3.
In the case where we allow also flips, our main result is a bound on the Picard number.
Theorem 1.1. Let X be a smooth Fano 4-fold. Suppose that there exist a normal and
Q-factorial projective variety Y , and a smooth point p ∈ Y , such that X and Blp Y are
isomorphic in codimension one. Then ρX ≤ 12.
As an intermediate result towards Theorem 1.1, we also give a bound on the Picard
number of Fano 4-folds obtained, from a 4-fold with ρ = 1, by blow-ups of points and
flips.
Theorem 1.2. Let X be a smooth Fano 4-fold. Suppose that there exist a normal and
Q-factorial projective variety Y with ρY = 1, and smooth distinct points p1, . . . , pr ∈ Y ,
such that X and Blp1,...,pr Y are isomorphic in codimension one. Then ρX ≤ 9, and if
ρX ≥ 8, then Y ∼= P
4.
The bound in Theorem 1.2 is sharp (see Example 6.1). We do not know whether the
bound in Theorem 1.1 is sharp; we show some properties ofX when ρX = 12 is maximal,
see Theorem 5.40.
One of the main themes (and tools) of this work is the study of fixed prime divisors2
in Fano 4-folds.
Given a fixed prime divisor D in a Fano variety X, there is always a sequence of flips
X 99K X ′ such that the transform of D in X ′ is the exceptional divisor of an elementary
divisorial contraction f : X ′ → Y . In general, the same fixed divisor can be exceptional
for different divisorial contractions (see Examples 4.12 and 5.4).
Suppose now that X is a Fano 4-fold with ρX ≥ 7. After [Cas13a] (see Th. 5.1) there
are only four possibilities for the elementary divisorial contraction f as above, namely:
– type (3, 0)sm: f is the blow-up of a smooth point;
– type (3, 1)sm: f is the blow-up of a smooth curve;
– type (3, 2): f is a divisorial contraction sending the exceptional divisor to a surface;
– type (3, 0)Q: f is a divisorial contraction with Exc(f) an irreducible quadric, with
normal bundle OQ(−1), contracted to a (mildly) singular point.
Moreover we show that, in a neighbourhood of the exceptional divisor, f is uniquely
determined by D (Lemma 5.25), so that it makes sense to define the type of a fixed
prime divisor D as the type of f .
1These are K-positive flips, in the terminology of this paper.
2“Fixed” means, as usual, that D is a fixed component of the linear system |mD| for every m ≥ 1.
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Thus we have four possible types of fixed prime divisors in a Fano 4-fold X with
ρX ≥ 7, and Th. 1.1 can be reformulated as follows: if a Fano 4-fold X contains a fixed
prime divisor of type (3, 0)sm, then ρX ≤ 12.
The author plans to pursue this study in order to get a (good) bound on the Picard
number of Fano 4-folds containing a fixed prime divisor of one the remaining three
types; this program, if completed, would yield a good bound on the Picard number of
Fano 4-folds, and was one of the motivations for this work.
Before getting to the proof of Th. 1.1, we need to show many intermediate results.
In particular, in section 5, we give some general results on the geometry of Fano 4-folds
X with ρX ≥ 7, which are of independent interest.
We use mainly techniques from birational geometry and the Minimal Model Program.
In particular, we rely on the fact that Fano varieties are Mori dream spaces [BCHM10,
Cor. 1.3.2], and use all the standard properties and techniques concerning Mori dream
spaces [HK00].
We also use some previously known bounds on the Picard number ρX of a Fano 4-fold
X. In particular, we define an invariant of X, the Lefschetz defect, as
δX := max
{
dim coker
(
i∗ : N1(D)→ N1(X)
)
| i : D →֒ X a prime divisor
}
.
If D is ample, then i∗ : N1(D) → N1(X) is an isomorphism, so that δX measures the
failure of Lefschetz hyperplane theorem for non-ample divisors. We refer the reader to
[Cas12, Del14] for the properties of the Lefschetz defect of Fano varieties of arbitrary
dimension. When X is a Fano 4-fold which is not a product of surfaces, we have δX ≤ 3,
and if moreover δX ≥ 2, then ρX ≤ 12 (see Th. 2.12). Therefore in many situations we
can reduce to the case where δX ≤ 1.
Let us describe in more detail the content of the paper, and our strategy for the proof
of Th. 1.1.
In section 2 we introduce the notation and the terminology, we recall some prelimi-
nary results, and we show some related properties needed in the sequel.
In section 3 we prove Th. 1.2. The proof is based on the computation of the difference
h0(Y,−KY )−h
0(X,−KX ), using Hirzebruch-Riemann-Roch, and on a result by Hwang
which gives a bound on h0(Y,−KY ) for Fano 4-folds with ρY = 1; see par. 3.1 for an
overview.
Then we introduce and study fixed prime divisors of type (3, 0)sm in a Fano 4-fold
X (section 4.1). While the other types of fixed prime divisors are defined only when
ρX ≥ 6, we need to work with fixed prime divisors of type (3, 0)
sm in any Picard
number, in order to be able to use an inductive strategy. In particular we show that,
given a fixed divisor D ⊂ X of type (3, 0)sm, there exists a sequence of flips X 99K X ′
and a blow-up of a point f : X ′ → Y such that Exc(f) is the transform of D, and Y is
smooth and Fano (Prop. 4.5).
In section 4.2 we show that if every fixed prime divisor of X is of type (3, 0)sm, then
ρX ≤ 11 (Th. 4.3). This is an intermediate result needed for the proof of Th. 1.1; the
proof is based on Th. 1.2 and on a result from [Cas13a], see par. 4.17 for an overview.
The heart of the paper is section 5, where we make a detailed study of Fano 4-
folds with ρ ≥ 6 (or ρ ≥ 7), depending on their fixed prime divisors. After having
recalled from [Cas13a] the four types of fixed prime divisors (section 5.1), we show
some properties of X when it contains a fixed prime divisor of type (3, 1)sm (section
5.2) or (3, 0)Q (section 5.3). Then we use the properties of fixed prime divisors to give
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a simple description of the dual cone of the cone of movable divisors (Lemmas 5.29 and
5.30). Finally we show an important property of fixed prime divisors E of type (3, 2):
if E is disjoint from another prime divisor, then ρX ≤ 12 (Prop. 5.32).
Building on all the previous results, we conclude section 5 with the proof of Th.1.1;
let us give an idea of the strategy.
Let X be a Fano 4-fold containing a fixed prime divisor D of type (3, 0)sm, and
assume that ρX ≥ 12. We know from Prop. 4.5 that there exists a smooth Fano 4-fold
Y and a point p ∈ Y such that X and Blp Y are isomorphic in codimension one.
We use the results in section 4 to show that Y must have some fixed prime divisor
B not of type (3, 0)sm, thus B is of type (3, 2), (3, 1)sm, or (3, 0)Q. Using the results
in sections 5.2 and 5.3, we show that in any case Y must contain a fixed prime divisor
EY of type (3, 2). Finally this yields a fixed prime divisor EX ⊂ X, of type (3, 2), and
disjoint from D, which implies that ρX = 12 by Prop. 5.32.
Finally we present some examples in section 6.
Acknowledgements. I would like to thank Carolina Araujo for her help with Example
6.1, and Ste´phane Druel for many useful conversations and comments.
2. Notations and preliminaries
In this section we set the terminology and the notation, about the Minimal Model
Program, Mori dream spaces, and families of curves. We also recall several preliminary
results that we need on Fano 4-folds, mostly from [Cas13a], and show some related
properties that will be used in the sequel.
2.1. Preliminaries from the MMP and on Mori dream spaces
We work over the field of complex numbers. We refer the reader to [KM98] for the
terminology related to the Minimal Model Program, to [HK00] for the definition and
properties of Mori dream spaces, and to [Cas13a, §2] for an overview of most of the
properties of Mori dream spaces that will be used in this paper.
Let X be a normal, Q-factorial, projective Mori dream space.
If f : X 99K Y is a rational map, the domain dom(f) of f is the largest open subset
of X where f is regular.
A contraction of X is a morphism with connected fibers f : X → Y onto a normal
projective variety. The exceptional locus Exc(f) is the set of points of X where f is
not an isomorphism. If D is a divisor in X, we say that f is D-positive (respectively
D-negative) if D · C > 0 (respectively D · C < 0) for every curve C in X such that
f(C) = {pt}. When D = KX , we just say K-positive (or K-negative).
The contraction f is elementary if ρX−ρY = 1; as usual, f can be divisorial, small,
or of fiber type. When f is elementary, we say that f is of type (a,b) if dimExc(f) = a
and dim f(Exc(f)) = b. We will also use the following terminology.
Definition 2.1. Let f : X → Y be an elementary divisorial contraction.
We say that f is of type (n− 1,m)sm if f is the blow-up of a smooth, connected,
m-dimensional subvariety of Y , contained in the smooth locus of Y .
We say that f is of type (n− 1,0)Q if Exc(f) ∼= Q, Q ⊂ Pn a quadric, with normal
bundle NExc(f)/X ∼= OQ(−1), and f(Exc(f)) is a point.
Notice that if f is of type (n− 1,m)sm, then X is smooth if and only if Y is smooth.
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We denote by N 1(X) (respectively N1(X)) the R-vector space of Cartier divisors
(respectively one-cycles) with real coefficients, modulo numerical equivalence; [D] is the
numerical equivalence class in N 1(X) of a divisor D in X, and similarly [C] ∈ N1(X)
for a curve C ⊂ X; ≡ stands for numerical equivalence.
For any closed subset Z ⊆ X, we set
N1(Z,X) := i∗(N1(Z)) ⊆ N1(X),
where i : Z →֒ X is the inclusion.
For any subset H ⊆ N1(X), we set H
⊥ := {γ ∈ N 1(X) |h · γ = 0 for every h ∈ H},
and similarly for H ⊆ N 1(X). For any divisor D in X, D⊥ := [D]⊥ ⊆ N1(X), and
similarly for a curve C ⊂ X.
An effective divisor D in X is movable if its stable base locus has codimension at
least 2. A prime divisor is fixed if it not movable.
We will consider the following convex polyhedral cones:
Nef(X) ⊆ Mov(X) ⊆ Eff(X) ⊂ N 1(X) and mov(X) ⊆ NE(X) ⊂ N1(X),
where:
Nef(X) is the cone of nef classes,
Mov(X) is the convex cone generated by classes of movable divisors,
Eff(X) is the convex cone generated by classes of effective divisors,
NE(X) is the convex cone generated by classes of effective curves,
mov(X) is the cone of “moving curves”, namely the convex cone generated by classes
of curves moving in a family of curves covering X.
An extremal ray of X is a one-dimensional face of NE(X). We use greek letters
σ, τ, η, etc. to denote convex polyhedral cones and their faces in N1(X) or N
1(X), with
the exception of extremal rays of NE(X), which are denoted with the more customary
notation R. We denote by 〈x1, . . . , xr〉 the convex cone generated by x1, . . . , xr in
N1(X) or N
1(X). If σ is a convex polyhedral cone in N1(X) (respectively in N
1(X)),
we denote by σ∨ ⊂ N 1(X) (respectively σ∨ ⊂ N1(X)) its dual cone.
We have the relations:
NE(X) = Nef(X)∨ and mov(X) = Eff(X)∨
(see [Laz04, §11.4.C and references therein], [Ara10], and [Cas13a, §2.16]).
Let f : X → Y be a contraction. We consider the push-forward of one-cycles
f∗ : N1(X) → N1(Y ), and set NE(f) := NE(X) ∩ ker f∗. We also say that f is the
contraction of NE(f).
Consider an elementary contraction f : X → Y and the extremal ray R := NE(f).
We say that R is birational, divisorial, small, of type (a, b), or of type (n − 1,m)sm, if
f is. We set Locus(R) := Exc(f), namely Locus(R) is the union of the curves whose
class belongs to R. If D is a divisor in X, we say that D ·R > 0 if D ·C > 0 for a curve
C with [C] ∈ R, equivalently if f is D-positive; similarly for D · R = 0 and D · R < 0.
We refer the reader to [KM98] for the definition of the flip g : X 99K X˜ of a small
elementary elementary contraction f : X → Y . We also say that g is the flip of the small
extremal ray NE(f). If D is a divisor on X such that f is D-negative (respectively,
D-positive), we say that g is a D-negative flip (respectively, D-positive flip). Finally,
when D = KX , we just say K-positive or K-negative.
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A MMP for a divisor D in X is a sequence
X = X1
ϕ1
99K X2 99K · · · 99K Xk−1
ϕk−1
99K Xk
where every ϕi is either a Di-negative flip (and Di+1 is the transform of Di), or a
Di-negative elementary divisorial contraction (and Di+1 = (ϕi)∗Di), and moreover: if
[D] ∈ Eff(X), then Dk is nef; otherwise Xk has a Dk-negative elementary contraction of
fiber type. Let us consider the composition ϕ : X 99K Xk, let C ⊂ Xk be an irreducible
curve such that C∩domϕ−1 6= ∅, and let CX ⊂ X be its transform. ThenD·CX ≥ Dk·C
(this follows from negativity of contractions, see [KM98, Lemma 3.38]).
A small Q-factorial modification (SQM) of X is a normal and Q-factorial pro-
jective variety X˜, together with a birational map ϕ : X 99K X˜ which is an isomorphism
in codimension 1. Since X is a Mori dream space, ϕ can always be factored as a finite
sequence of flips.
A rational contraction3 of X is a rational map f : X 99K Y that can be factored
as in the following diagram:
(2.2) X ϕ
//❴❴❴
f
''♠ ✐
❞ ❴ ❩ ❱ ◗
X˜
f˜
// Y,
where ϕ is a SQM and f˜ is a contraction. We say that f is elementary if ρX−ρY = 1,
equivalently if f˜ is elementary. We say that f is of fiber type if dimY < dimX.
When f is birational, we denote by Exc(f) the closure in X of the exceptional locus of
f : dom(f)→ Y . As in the regular case, when f is elementary and birational, f can be
divisorial (if Exc(f) is a prime divisor) or small (if codimExc(f) ≥ 2).
Let f : X 99K Y be a rational contraction such that Y is Q-factorial. Then Y is again
a Mori dream space, and for every rational contraction g : Y 99K Z, the composition
g ◦ f : X 99K Z is again a rational contraction, see for instance [Cas13a, Rem. 2.8].
These properties will be used throughout the paper.
Remark 2.3 ([Cas13a], Rem. 3.7). Let X be a smooth Fano 4-fold and f : X 99K Y a
rational contraction. Then there exists a factorization of f as (2.2), with moreover f˜
K-negative.
We denote by MCD(X) the collection of the cones f∗(Nef(Y )) for all rational con-
tractions f : X 99K Y . This is a fan in N 1(X), supported on the movable cone Mov(X),
called the Mori chamber decomposition of Mov(X). The cones in MCD(X) are in
bijection with rational contractions of X.
The following result will be very useful.
Lemma 2.4 ([Cas13a], Lemma 2.21 and Prop. 2.22). Let X be a projective, normal, and
Q-factorial Mori dream space, f : X 99K Y a rational contraction, and σ the minimal
face of Eff(X) containing f∗(Nef(Y )). Consider a factorization of f as (2.2), and let
F ⊂ X˜ be a general fiber of f˜ . Then
ρF ≥ dimN1(F, X˜) = ρX − dimσ = dim
(
ker f˜∗ ∩mov(X)
)
.
3In [HK00] this is also called a “contracting rational map”.
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2.2. Families of curves
We refer the reader to [Kol96] for generalities on families of curves.
Let X be a smooth projective variety. By a family of curves in X we mean an
irreducible closed subset V ⊂ Chow(X) such that for general v ∈ V , the corresponding
cycle Cv of X is an integral curve; then for every v ∈ V the cycle Cv is a connected
curve in X. The numerical equivalence class [Cv] ∈ N1(X) does not depend on v ∈ V ,
and we denote it by [V ]. The anticanonical degree of V is −KX · [V ]. We say that V
is a family of rational curves if for general v ∈ V the curve Cv is rational. We say that
V is maximal if it is an irreducible component of Chow(X).
We denote by Locus(V ) the union of the curves Cv for v ∈ V , and we say that V is
covering if Locus(V ) = X. If Z ⊂ X is a closed subset, we set VZ := {v ∈ V |Cv ∩Z 6=
∅}; this is a closed subset of V . We will need the following.
Lemma 2.5 ([Kol96], Prop. II.4.19, see also [ACO04], Lemma 4.1). Let V be a family
of rational curves, and Z ⊆ X a closed subset such that Cv is an integral curve for
every v ∈ VZ. Then N1(Locus(VZ),X) = N1(Z,X) + R[V ].
2.3. Flips and SQM’s of a smooth 4-fold
Let X be a smooth projective 4-fold. An exceptional plane in X is a closed subset
L ⊂ X such that L ∼= P2 and NL/X ∼= OP2(−1)
⊕2. We denote by CL ⊂ L a line;
notice that −KX · CL = 1. An exceptional line in X is a curve ℓ ∼= P
1 with Nℓ/X ∼=
OP1(−1)
⊕3; notice that KX · ℓ = 1.
Theorem 2.6 ([Kaw89]). Let X be a smooth projective 4-fold and R a small, K-
negative extremal ray of NE(X). Then Locus(R) is a disjoint union of exceptional
planes.
Theorem 2.7 ([Kaw89] and [Cas13a], Rem. 3.6). Let X be a smooth Fano 4-fold and
ϕ : X 99K X˜ a SQM. Then X˜ is smooth, X r dom(ϕ) is a disjoint union of exceptional
planes L1, . . . , Ls ⊂ X, and X˜ r dom(ϕ
−1) is a disjoint union of exceptional lines
ℓ1, . . . , ℓs ⊂ X˜; moreover ϕ factors as
X̂
f
  
  
  
   g
❃
❃❃
❃❃
❃❃
❃
X
ϕ
//❴❴❴❴❴❴❴ X˜
where f is the blow-up of L1 ∪ · · · ∪ Ls, and g is the blow-up of ℓ1 ∪ · · · ∪ ℓs.
Lemma 2.8 ([Cas13a], Rem. 3.6). Let X be a smooth Fano 4-fold and ϕ : X 99K X˜ a
SQM.
(1) If C ⊂ X˜ is an irreducible curve such that C ∩ dom(ϕ−1) 6= ∅, n is the number of
points of C belonging to an exceptional line, and CX ⊂ X is the transform of C,
we have
−K
X˜
· C ≥ −KX · CX + n ≥ 1 + n ≥ 1.
(2) If C ⊂ X˜ is an irreducible curve such that −K
X˜
· C ≤ 0, then C is an exceptional
line and −K
X˜
· C = −1.
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(3) Let T ⊆ X˜ be the union of integral curves of anticanonical degree 1. Then T ⊂
dom(ϕ−1), and T cannot intersect exceptional lines.
Remark 2.9. Let X be a smooth Fano 4-fold and ϕ : X 99K X˜ a SQM. If L ⊂ X is an
exceptional plane, then either L ∩ dom(ϕ) = ∅, or Lr dom(ϕ) is a finite set (possibly
empty).
Proof. By Th. 2.7, the indeterminacy locus of ϕ is a disjoint union of exceptional planes
L1, . . . , Ls. Let B˜ be an ample divisor in X˜ , and B its transform in X, so that ϕ : X 99K
X˜ is a MMP for the divisor B. We have B · CLi < 0 for every i = 1, . . . , s.
If L ⊂ X is an exceptional plane different from L1, . . . , Ls, then we can choose a
line CL ⊂ L such that CL ∩ dom(ϕ) 6= ∅. If C˜L ⊂ X˜ is the transform of CL, we have
B · CL ≥ B˜ · C˜L > 0, thus the class [CL] cannot be proportional to [CLi ] for every
i = 1, . . . , s. This implies that dim(L ∩ Li) ≤ 0 for every i = 1, . . . , s. 
Remark 2.10. Let X be a smooth Fano 4-fold, C ⊂ X an irreducible curve, and B a
movable divisor in X such that B ·C < 0. Then C is contained in an exceptional plane.
Proof. Since B is movable, by running a MMP for B we get a SQM ϕ : X 99K X˜ such
that the transform B˜ of B in X˜ is nef. By Th. 2.7, the indeterminacy locus of ϕ is a
disjoint union of finitely many exceptional planes. If C intersects domϕ, let C˜ ⊂ X˜ be
its transform. Then we have B˜ · C˜ ≤ B · C < 0, a contradiction. Thus C is contained
in an exceptional plane. 
Lemma 2.11. Let X be a smooth Fano 4-fold and ϕ : X 99K X˜ a SQM. Let Z ⊆ X
and Z˜ ⊆ X˜ be closed subsets such that Z contains the indeterminacy locus of ϕ, Z˜
contains the indeterminacy locus of ϕ−1, and ϕ(Z ∩ domϕ) = Z˜ ∩ dom(ϕ−1). Then
dimN1(Z,X) = dimN1(Z˜, X˜).
Proof. Consider the factorization X
f
← X̂
g
→ X˜ of ϕ as in Th. 2.7. By our assumptions
we have f−1(Z) = g−1(Z˜); let us denote this closed subset by Ẑ. Then Ẑ contains
all exceptional divisors of f and g, so that N1(Ẑ, X̂) contains both ker f∗ and ker g∗.
Moreover f(Ẑ) = Z and g(Ẑ) = Z˜, hence
f∗(N1(Ẑ, X̂)) = N1(Z,X) and g∗(N1(Ẑ, X̂)) = N1(Z˜, X˜).
Since dimker f∗ = dimker g∗, we get the statement. 
2.4. Preliminary results on Fano 4-folds
Let X be a smooth Fano variety. Recall from the Introduction that the Lefschetz
defect of X is
δX := max{codimN1(D,X) |D ⊂ X a prime divisor};
we will use the following bounds on δX and ρX .
Theorem 2.12 ([Cas13a], Th. 3.11 and [Cas13b], Th. 1.2). Let X be a smooth Fano
4-fold which is not a product of surfaces. Then δX ≤ 3, and moreover: if δX = 3, then
ρX ≤ 6; if δX = 2, then ρX ≤ 12.
Theorem 2.13 ([Cas13a], Th. 1.1). Let X be a smooth Fano 4-fold. If X has an
elementary rational contraction of fiber type, then ρX ≤ 11.
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2.14. Let X be a smooth projective 4-fold, and f : X → Y an elementary, K-negative
divisorial contraction of type (3, 2); set D := Exc(f). It is well-known that f has
at most finitely many 2-dimensional fibers, and that every 1-dimensional fiber F of f
satisfies F ∼= P1, D ·F = −1, and −KX ·F = 1. In particular, D is covered by a family
of rational curves of anticanonical degree 1. Moreover, if f has no 2-dimensional fibers,
then it is of type (3, 2)sm [AW97, Th. 4.1(1)].
Remark 2.15. Let X be a smooth projective 4-fold, and f : X → Y an elementary,
K-negative divisorial contraction; set D := Exc(f).
(1) If f is of type (3, 0), then dimN1(D,X) = 1.
(2) If f is of type (3, 1), then dimN1(D,X) = 2.
(3) If D contains an irreducible surface T such that dimN1(T,X) = 1 and f is finite
on T , then f is of type (3, 2) and dimN1(D,X) = 2.
(4) If f is of type (3, 2), and D contains an exceptional plane L, then f is finite on L
and dimN1(D,X) = 2.
Proof. We have dimker f∗ = 1 and f∗(N1(D,X)) = N1(f(D), Y ); this easily yields (1)
and (2). For (3), dim f(D) ≥ dim f(T ) = 2, thus f is of type (3, 2), f(D) = f(T ),
and f∗(N1(T,X)) = f∗(N1(D,X)). Finally, if f is of type (3, 2), an exceptional plane
cannot be contained in a fiber of f by [AW97, Th. 4.7], thus (4) follows from (3). 
Lemma 2.16. Let X be a smooth Fano 4-fold, and D ⊂ X a fixed prime divisor such
that every D-negative extremal ray of NE(X) is of type (3, 2). Then the following holds:
(1) −KX + D is nef, and (−KX + D)
⊥ ∩ NE(X) is a face containing all D-negative
extremal rays of NE(X) (and no others);
(2) either NE(X) has a unique D-negative extremal ray, or ρX ≤ 6 and dimN1(D,X) ≤
3.
Proof. This proof is very similar to that of [Cas13a, Rem. 5.3]. Let R1, . . . , Rn be the
D-negative extremal rays of NE(X) (notice that n ≥ 1, because D is not nef). By
assumption, each Ri is of type (3, 2); if Fi ⊂ D is a general fiber of the contraction of
Ri, we have (−KX +D) · Fi = 0 (see 2.14).
On the other hand, if R is an extremal ray of NE(X) different from R1, . . . , Rn, then
D ·R ≥ 0, −KX ·R > 0, and hence (−KX +D) · R > 0. This shows (1).
Suppose now that n > 1. In particular this implies that X is not a product of
surfaces, and hence δX ≤ 3 by Th. 2.12. Since n > 1, the face (−KX+D)
⊥∩NE(X) has
dimension at least 2; let τ be one of its 2-dimensional faces. The contraction g : X → Z
with NE(g) = τ is such that ρX − ρZ = 2 and dim g(D) ≤ 1. We have g∗(N1(D,X)) =
N1(g(D), Z), therefore dim g∗(N1(D,X)) ≤ 1 and hence dimN1(D,X) ≤ 3. Since
δX ≤ 3, we get ρX ≤ 6. This shows (2). 
Remark 2.17. Let X be a smooth Fano 4-fold with ρX ≥ 6.
(1) Every divisorial extremal ray of NE(X) is of type (3, 2).
(2) Let D ⊂ X be the locus of an extremal ray of type (3, 2). Then D does not contain
exceptional planes, and every D-negative extremal ray of NE(X) is of type (3, 2);
(3) either NE(X) has a unique D-negative extremal ray, or ρX = 6, δX = 3, and
dimN1(D,X) = 3.
Proof. The statement is clear if X is a product of surfaces. Otherwise, δX ≤ 3 by
Th. 2.12, hence dimN1(E,X) ≥ ρX − 3 ≥ 3 for every prime divisor E ⊂ X. Thus (1)
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follows from Rem. 2.15(1)-(2), (2) follows from Rem. 2.15(4) and (1), and (3) follows
from (2) and Lemma 2.16(2). 
Lemma 2.18. Let X be a smooth Fano 4-fold with ρX ≥ 6, and D ⊂ X a prime
divisor covered by a family of rational curves of anticanonical degree 1. Then one of
the following holds:
(i) D is nef;
(ii) D is the locus of an extremal ray of type (3, 2).
Proof. Let us assume that (i) does not hold; then there exists an extremal ray R of
NE(X) such that D·R < 0. If R is divisorial, then it is of type (3, 2) because ρX ≥ 6 (see
Rem. 2.17(1)), and we have (ii). We show that R cannot be small. By contradiction,
suppose otherwise, and let L ⊆ Locus(R) ⊂ D be an exceptional plane (see Lemma
2.6).
There is a family V of rational curves in X with Locus(V ) = D and −KX · [V ] = 1.
Since X is Fano, for every v ∈ V the curve Cv must be integral, thus by Lemma 2.5 we
have N1(Locus(VL),X) = R[V ] +N1(L,X) = R[V ] + RR.
On the other hand [V ] 6∈ R (for otherwise D ⊆ Locus(R)), thus for every v ∈ V ,
the curve Cv cannot be contained in L. This means that dimLocus(VL) ≥ 3, thus
Locus(VL) = D and dimN1(D,X) = 2; since ρX ≥ 6, we get δX ≥ 4. By Th. 2.12 this
implies that X is a product of surfaces, hence X has no small extremal rays, and we
get a contradiction. 
We will also need the following property, which should be well-known to experts; we
include a proof for lack of reference.
Lemma 2.19. Let X be a smooth projective 4-fold and f : X → Y an elementary
divisorial contraction of type (3, 0)Q (see Def. 2.1). Set E := Exc(f) and p := f(E) ∈
Y . Then p is an isolated terminal and factorial singularity in Y , f is the blow-up of
the ideal of p in Y , and two cases can occur:
(i) Q is a smooth quadric and p is an ordinary double point;
(ii) Q is a cone over a smooth 2-dimensional quadric, and p is locally analytically a
singularity of type {x20 + x
2
1 + x
2
2 + x
2
3 + x
3
4 = 0} ⊂ C
5.
Proof. The proof is analogous to the proof of the 3-dimensional case in [Mor82, proof
of (3.4.3), pp. 164-165]. Notice that Q is irreducible, because f is elementary by as-
sumption. Moreover it is easy to check that f is K-negative and that E ·C = −1 for a
line C ⊂ E, hence p is a terminal and factorial singularity by standard arguments.
It follows from [AW98, Prop. 5.4 and 5.5] that f is the blow-up of the ideal mp of p
in Y and that the graded ring gr(OY,p) := ⊕j≥0(m
j
p/m
j+1
p ) associated to the local ring
OY,p is isomorphic as a graded C-algebra to C[x0, x1, x2, x3, x4]/(F ), where F is the
equation of Q ⊂ P4.
Let us consider the complete local ring OˆY,p. We have gr(OˆY,p) ∼= gr(OY,p) as graded
C-algebras, which yields OˆY,p ∼= C[[x0, x1, x2, x3, x4]]/(F +G), where G ∈ mˆ
3
p.
IfQ is smooth, with suitable changes of coordinates we get OˆY,p ∼= C[[x0, x1, x2, x3, x4]]/(x
2
0+
x21 + x
2
2 + x
2
3 + x
2
4), hence p is an ordinary double point. If Q is a cone over a smooth
2-dimensional quadric, we get OˆY,p ∼= C[[x0, x1, x2, x3, x4]]/(x
2
0 + x
2
1 + x
2
2 + x
2
3 + x
n
4 ),
where n ≥ 3. Finally if Q is a join of a line and a smooth conic, we get OˆY,p ∼=
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C[[x0, x1, x2, x3, x4]]/(x
2
0 + x
2
1 + x
2
2 + H(x3, x4)), where H ∈ C[[x3, x4]] and H ∈ mˆ
3
p.
Now by imposing that the blow-up of Y at p is smooth, we see by a local computation
that when Q is singular the only case that can occur is (ii). 
2.5. Faces of the effective cone
2.20 (Fixed prime divisors and faces of Eff(X)). Let X be a projective, normal, and
Q-factorial Mori dream space. There is a bijection between:
• the set of fixed prime divisors in X, and
• the set of one-dimensional faces of Eff(X) not contained in Mov(X),
obtained by D 7→ 〈[D]〉 (see [Cas13a, §2.18]).
Lemma 2.21. Let X be a projective, normal, and Q-factorial Mori dream space, D ⊂ X
a fixed prime divisor, and f : X 99K Y an elementary divisorial rational contraction with
Exc(f) = D.
(1) There is a bijection between 2-dimensional faces σ of Eff(X) containing [D], and
one-dimensional faces of Eff(Y ), given by
σ 7→ f∗σ;
(2) σ ∩Mov(X) = {0} if and only if f∗σ 6⊂ Mov(Y ) (σ as in (1));
(3) there is a bijection between fixed prime divisors BY ⊂ Y and fixed prime divisors
BX ⊂ X such that 〈[D], [BX ]〉 is a 2-dimensional face of Eff(X) and 〈[D], [BX ]〉 ∩
Mov(X) = {0}; here BX is the transform of BY in X.
Proof. By considering a SQM ϕ : X 99K X˜ such that f ◦ϕ−1 : X˜ → Y is regular, we get
a push-forward map
f∗ : N
1(X)→ N 1(Y ).
This is a surjective linear map with ker f∗ = R[D]. Moreover f∗(Eff(X)) = Eff(Y ), and
ker f∗ ∩ Eff(X) = 〈[D]〉 is a one-dimensional face of Eff(X). This yields (1).
Let σ be a 2-dimensional face of Eff(X) containing [D]. Since f∗(Mov(X)) = Mov(Y ),
if σ ∩Mov(X) 6= {0}, then f∗σ ⊂ Mov(Y ).
Suppose instead that σ ∩ Mov(X) = {0}. Then there exists a fixed prime divisor
B ⊂ X such that σ = 〈[D], [B]〉, and every effective divisor of X with class in σ has
the form aD + bB with a, b ∈ Z≥0. Thus every effective divisor with class in f∗σ is a
multiple of f∗B. This shows that f∗B is not movable, and we have (2).
Finally, (3) follows from (1) and (2). 
The following result allows to bound ρX in terms of how Eff(X) intersects Mov(X).
Lemma 2.22. Let X be a smooth Fano 4-fold and let d be the minimal dimension of a
face σ of Eff(X) such that σ ∩Mov(X) 6= {0}. Then ρX ≤ 10 + d.
Proof. Set τ := σ ∩ Mov(X); then τ is a face of Mov(X), with dim τ > 0, and σ
is the smallest face of Eff(X) containing τ . Let us choose τ0 ∈ MCD(X), the Mori
chamber decomposition of Mov(X), such that τ0 ⊆ τ and dim τ0 = dim τ . Then τ0
determines a rational contraction f : X 99K Y such that f∗(Nef(Y )) = τ0; in particular
ρY = dim τ0 > 0, so that Y is not a point. We can factor f as
X //❴❴❴
f
''♠ ✐
❞ ❴ ❩ ❱ ◗
X˜
f˜
// Y,
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where X 99K X˜ is a SQM and f˜ is a K-negative contraction (see Rem. 2.3). Let F ⊂ X˜
be a general fiber of f˜ . Since X˜ is smooth (by Th. 2.7) and f˜ is K-negative, F is a
smooth Fano variety with dimF ≤ 3, and ρF ≤ 10 [IP99, §12.6]. On the other hand,
by Lemma 2.4 we have
ρF ≥ dimN1(F, X˜) = ρX − dimσ = ρX − d,
namely ρX ≤ ρF + d ≤ 10 + d. 
The bound in Lemma 2.22 can sometimes be refined in specific cases, like the following.
Lemma 2.23. Let X be a smooth Fano 4-fold with δX ≤ 1. If there exists a 2-
dimensional face σ of Eff(X) such that σ ∩Mov(X) 6= {0}, then ρX ≤ 11.
Proof. We keep the same notation as in Lemma 2.22 and its proof. We have d ≤ 2,
thus ρX ≤ 12 by Lemma 2.22. Suppose by contradiction that ρX = 12. Then d = 2 and
dimN1(F, X˜) = ρF = 10, therefore F ∼= S × P
1, where S is a del Pezzo surface with
ρS = 9 [IP99, §12.6]. Hence S and F are covered by a family of (non rational) curves of
anticanonical degree 1. This means that there is a covering family of curves in X˜ whose
general member is an irreducible curve, of anticanonical degree 1, and contracted by f˜ .
As f˜ is K-negative, we deduce that every curve of the family has anticanonical degree
1. Therefore X˜ is covered by integral curves of anticanonical degree 1, and Lemma
2.8(3) implies that X 99K X˜ is an isomorphism.
Thus F ⊂ X is a prime divisor with codimN1(F,X) = 2, but this contradicts the
assumption δX ≤ 1; this concludes the proof. 
Corollary 2.24. Let X be a smooth Fano 4-fold with ρX ≥ 12 and δX ≤ 1, and
let f : X 99K Y be an elementary divisorial rational contraction. Then every one-
dimensional face of Eff(Y ) is generated by a fixed prime divisor.
Proof. We have to show that no one-dimensional face of Eff(Y ) is contained in Mov(Y ).
By Lemma 2.21(1)-(2), this is equivalent to showing that there is no 2-dimensional face
σ of Eff(X) such that [Exc(f)] ∈ σ and σ ∩ Mov(X) 6= {0}, and this follows from
Lemma 2.23. 
3. Blowing-up many points
3.1. In this section we show the following result, which implies Th. 1.2.
Theorem 3.2. Let X be a smooth Fano 4-fold. Suppose that there exists a normal and
Q-factorial projective variety Y with ρY = 1, and a composition f : X˜ → Y of blow-ups
of smooth points, such that X and X˜ are isomorphic in codimension one.
Then ρX ≤ 9, and if ρX ≥ 8, then Y ∼= P
4.
Let us outline our strategy. We first show that h0(X,−KX) = h
0(Y,−KY ) − 15r,
where r is the number of blow-ups in X˜ → Y , hence r = ρX − 1 (Prop. 3.3). This
is based on the Hirzebruch-Riemann-Roch formula and on the explicit description of
SQM’s of X in Th. 2.7. Since it is known that h0(Y,−KY ) ≤ 126 (Th. 3.14), this yields
r ≤ 8 and hence ρX ≤ 9. To give a finer bound on ρX in the case Y 6∼= P
4, we use a
refined bound on h0(Y,−KY ) and an analysis of curves of low anticanonical degree in
Y (Lemmas 3.11 and 3.12).
FANO 4-FOLDS, FLIPS, AND BLOW-UPS OF POINTS 13
3.1. Behaviour of χ(X,−KX) under blow-up in a 4-fold
The goal of this section if to prove the following.
Proposition 3.3. Let X be a smooth Fano 4-fold, X 99K X˜ a SQM, and X˜ → Y a
composition of r blow-ups of a smooth point, with Y Fano. Then we have:
h0(X,−KX ) = h
0(Y,−KY )− 15r.
In order to prove the above relation, we need to analyse the behaviour of the Euler
characteristic of the anticanonical sheaf of a smooth 4-fold under the blow-up of a
smooth point and under a K-negative flip.
We recall that if X is a smooth projective 4-fold and D is a divisor on X, the
Hirzebruch-Riemann-Roch formula [Ful98, Cor. 15.2.1] gives
(3.4) χ(X,D) =
1
24
(
D4−2KX ·D
3+D2
(
K2X + c2(X)
)
−D ·KX ·c2(X)
)
+χ(X,OX ).
In particular for the anticanonical divisor we have:
(3.5) χ(X,−KX) =
1
12
(
2(−KX )
4 + (−KX)
2 · c2(X)
)
+ χ(X,OX ).
Remark 3.6 ([Ful98], Ex. 15.4.3). Let Y be a smooth projective 4-fold and f : X → Y
the blow-up along a smooth irreducible subvariety A ⊂ Y of codimension d. Let E be the
exceptional divisor, so that E = PA(N
∗
A/Y ) ⊂ X whereNA/Y is the normal bundle
4 of A
in Y . Moreover let j : E →֒ X be the inclusion, and set ζ := c1(ON ∗
A/Y
(1)) ∈ H2(E,Z).
Then we have −KX = f
∗(−KY )− (d− 1)E and
c2(X) = f
∗c2(Y )− j∗
(
(d− 1)f∗|E(c1(A)) +
d(d− 3)
2
ζ + (d− 2)f∗|Ec1(NA/Y )
)
.
Lemma 3.7. Let Y be a smooth projective 4-fold and f : X → Y the blow-up at a
point. Let E ⊂ X be the exceptional divisor (so that E ∼= P3), H ⊂ E a plane, and
[H] ∈ H4(X,Z) the fundamental class of H. Then we have:
c2(X) = f
∗c2(Y )− 2[H], (−KX)
4 = (−KY )
4 − 81,
(−KX)
2 · c2(X) = (−KY )
2 · c2(Y )− 18, χ(X,−KX ) = χ(Y,−KY )− 15.
Proof. The formula for c2(X) follows from Rem. 3.6. The intersections are given by a
simple computation, using also [Ful98, Rem. 3.2.4] in E, and the last equality follows
from (3.5). 
The following Lemmas 3.8 and 3.9 are proven in the same way as Lemma 3.7.
Lemma 3.8. Let Y be a smooth projective 4-fold and f : X → Y the blow-up along a
smooth irreducible curve C of genus g(C). Let E ⊂ X be the exceptional divisor, F ⊂ E
a fiber of the P2-bundle E → C, and [F ] ∈ H4(X,Z) the fundamental class of F . Set
d(C) := −KY · C + 2− 2g(C). Then we have:
c2(X) = f
∗c2(Y )− d(C)[F ], (−KX)
2 · c2(X) = (−KY )
2 · c2(Y )− 4d(C),
(−KX)
4 = (−KY )
4 − 16d(C), χ(X,−KX) = χ(Y,−KY )− 3d(C).
4We use Grothendieck’s notation for the projectivization of a vector bundle.
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Lemma 3.9. Let Y be a smooth projective 4-fold and f : X → Y the blow-up along
an exceptional plane. Let E ⊂ X be the exceptional divisor, so that E ∼= P1 × P2.
Set S := {pt} × P2 ⊂ E and T := P1 × l ⊂ E, where l ⊂ P2 is a line, and let
[S], [T ] ∈ H4(X,Z) be the fundamental classes of S and T respectively. Then we have:
c2(X) = f
∗c2(Y ) + [S]− 2[T ], (−KX)
4 = (−KY )
4 − 17,
(−KX)
2 · c2(X) = (−KY )
2 · c2(Y )− 2, χ(X,−KX ) = χ(Y,−KY )− 3.
Corollary 3.10. Let X be a smooth Fano 4-fold, ϕ : X 99K X˜ a SQM, and s the
number of connected components of X r domϕ. Then χ(X,−KX ) = χ(X˜,−KX˜) and
(−KX)
4 = (−KX˜)
4 + s.
Proof. Consider the factorization X
f
← X̂
g
→ X˜ of ϕ given by Th. 2.7. By Lemmas 3.8
and 3.9 we have χ(X̂,−K
X̂
) = χ(X,−KX ) − 3s = χ(X˜,−KX˜) − 3s and (−KX̂)
4 =
(−KX)
4 − 17s = (−KX˜)
4 − 16s, which yields the statement. 
Proof of Prop. 3.3. Notice that X˜ is smooth by Th. 2.7, and hence Y is smooth. By
Cor. 3.10 and Lemma 3.7 we get
h0(X,−KX ) = χ(X,−KX) = χ(X˜,−KX˜) = χ(Y,−KY )− 15r = h
0(Y,−KY )− 15r.

3.2. Proof of Theorems 1.2 and 3.2
We start by analysing some properties of curves of low anticanonical degree in Y .
Lemma 3.11. Let X be a smooth Fano 4-fold, ϕ : X 99K X˜ a SQM, and f : X˜ → Y a
composition of r blow-ups of a smooth point. Let C ⊂ Y be an integral curve.
(1) If −KY ·C = 1, then C is contained in the open subset where the map f◦ϕ : X 99K Y
is an isomorphism.
(2) If −KY · C = 2 and C ∩ f(Exc(f)) 6= ∅, then C = f(ℓ), ℓ ⊂ X˜ an exceptional line.
(3) If −KY · C = 3, then C ∩ f(Exc(f)) = ∅.
Proof. Notice that X˜ is smooth by Th. 2.7, and hence Y is smooth. Using the formula
for the canonical divisor of a blow-up, we see that
f∗(−KY ) = −KX˜ + 3E,
where E is an effective divisor with Supp(E) = Exc(f). Notice that C 6⊂ f(Exc(f)),
because dim f(Exc(f)) = 0; let C˜ ⊂ X˜ be the transform of C. We have
−KY · C = −KX˜ · C˜ + 3E · C˜,
and either C ∩ f(Exc(f)) = ∅, or E · C˜ > 0.
Suppose that 1 ≤ −KY · C ≤ 3 and C ∩ f(Exc(f)) 6= ∅. Then −KX˜ · C˜ ≤ 0, and
Lemma 2.8(2) implies that −KX˜ · C˜ = −1 and that C˜ is an exceptional line. Moreover
−KY · C = −1 + 3E · C˜ ≡ 2 mod 3,
thus −KY · C = 2. This gives (2) and (3). If −KY · C = 1, we have shown that
C ∩ f(Exc(f)) = ∅ and −K
X˜
· C˜ = 1. Thus Lemma 2.8(3) yields that C˜ ⊂ dom(ϕ−1),
and this gives (1). 
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Lemma 3.12. Let X be a smooth Fano 4-fold, ϕ : X 99K X˜ a SQM, and f : X˜ → Y a
composition of r blow-ups of a smooth point, with Y Fano. Let C ⊂ Y be a connected
curve with −KY · C = 3. Then C ∩ f(Exc(f)) = ∅.
Proof. If C is integral, this is Lemma 3.11(3). If C is not integral, suppose by contradic-
tion that C ∩ f(Exc(f)) 6= ∅, and let C1 be an irreducible component of C intersecting
f(Exc(f)). Since Y is Fano, we have −KY · C1 ∈ {1, 2}, and Lemma 3.11(1)-(2) yields
that −KY · C1 = 2 and the transform C˜1 of C1 in X˜ is an exceptional line.
Hence we must have C = C1 ∪ C2 with C2 integral and −KY · C2 = 1. By Lemma
3.11(1) the curve C2 is contained in the open subset where the map f ◦ ϕ : X 99K Y is
an isomorphism, but this is impossible, because C1 ∩C2 6= ∅ and C1 is the image of an
exceptional line in X˜. 
Lemma 3.13. Let X be a smooth Fano 4-fold, ϕ : X 99K X˜ a SQM, and f : X˜ → Y a
composition of r blow-ups of a smooth point. Then f is the blow-up of r distinct points
in Y .
Proof. We proceed by induction on r ≥ 0. If r = 0 or r = 1, there is nothing to prove.
For the general case, consider a factorization of f as in the following diagram:
X˜ g
//
f
''
Z
h
// Y
where h is a single blow-up and g is a composition of r − 1 blow-ups.
By the induction assumption, g is the blow-up of r−1 distinct points p1, . . . , pr−1 ∈ Z.
We have Exc(h) ∼= P3, and if C ⊂ Exc(h) is a line, then −KZ · C = 3. By Lemma
3.11(3), we have {p1, . . . , pr−1}∩C = ∅, therefore pi 6∈ Exc(h) for every i = 1, . . . , r−1.
This yields the statement. 
The next result follows from the classification of Fano 3-folds in the case of index
> 1, and has been proved by Hwang [Hwa03] in the case of index 1.
Theorem 3.14. Let Y be a smooth Fano 4-fold with ρY = 1. We have the following:
(1) h0(Y,−KY ) ≤ 126, with equality if and only if Y ∼= P
4;
(2) if Y 6∼= P4, then either h0(Y,−KY ) ≤ 105, or Y has index 1 and the minimal
anticanonical degree of a covering family of rational curves in Y is 3.
Proof. If Y ∼= P4, then h0(Y,−KY ) = 126. If Y is isomorphic to a quadric in P
5,
then h0(Y,−KY ) = 105. If Y is neither P
4 nor a quadric, then by Kobayashi-Ochiai’s
theorem, the index of Y is at most 3.
If Y has index 3, let H ∈ Pic(Y ) be an ample generator of Pic(Y ). By Kodaira
vanishing we have χ(Y,−H) = 0, which using Hirzebruch-Riemann-Roch (3.4) yields
H2 · c2(Y ) = 2H
4 + 12
and again by Hirzebruch-Riemann-Roch (3.5) we get
h0(Y,−KY ) = 15H
4 + 10.
It has been proven by Fujita that the linear system |H| contains a smooth element Z
[IP99, Th. 2.3.2 and references therein]. Then Z is a Fano 3-fold with index 2, ρZ = 1,
and (−KZ)
3 = 8H4. It is known by classification that (−KZ)
3 ≤ 40 [IP99, §12.2], thus
h0(Y,−KY ) ≤ 85.
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If Y has index 2, we proceed in the same way as in the case of index 3: if H is an
ample generator of Pic(Y ), we have
H2 · c2(Y ) = H
4 + 24 and h0(Y,−KY ) = 3H
4 + 9.
It has been proven by Wilson that the linear system |H| contains a smooth element Z
[IP99, Th. 2.3.15 and references therein]. Then Z is a Fano 3-fold with index 1, ρZ = 1,
and H4 = (−KZ)
3. By classification (−KZ)
3 ≤ 22, thus h0(Y,−KY ) ≤ 75.
Finally, if Y has index 1, by [Hwa03, Th. 3] we have h0(Y,−KY ) ≤ 121, and
h0(Y,−KY ) ≤ 97 unless the minimal anticanonical degree of a covering family of ratio-
nal curves of Y is 3. This yields the statement. 
Proof of Th. 3.2. Notice that X˜ is smooth by Th. 2.7, and hence Y is smooth. If
Y ∼= P4, then h0(Y,−KY ) = 126 and 0 ≤ h
0(X,−KX ) = 126− 15r by Prop. 3.3, which
yields r ≤ 8 and ρX ≤ 9.
Suppose that Y 6∼= P4 and that ρX > 1. Then f is not an isomorphism, thus
f(Exc(f)) 6= ∅. Hence Lemma 3.12 implies that Y cannot have a covering family of
curves of anticanonical degree 3, and Th. 3.14 yields h0(Y,−KY ) ≤ 105.
It has been shown by Kawamata [Kaw00, Th. 5.2] that h0(X,−KX) > 0 (in fact
h0(X,−KX) ≥ 2, see [Flo13, Th. 1.2]). Therefore Prop. 3.3 yields
0 < h0(X,−KX) = h
0(Y,−KY )− 15r ≤ 105 − 15r = 15(7 − r),
thus r ≤ 6 and ρX ≤ 7. This concludes the proof. 
4. Bounding ρX when every fixed divisor is of type (3, 0)
sm
4.1 (Fixed prime divisors and MMP’s). Let X be a projective, normal, and Q-factorial
Mori dream space. If D ⊂ X is a fixed prime divisor, running a MMP for D yields a
diagram
X
ϕ
99K X˜
f
−→ Y
where ϕ is a SQM that factors as a sequence of D-negative flips, and f is an elementary
divisorial contraction with exceptional locus the transform of D. We will always denote
a MMP for a fixed prime divisor in this way: as a SQM followed by an elementary
divisorial contraction.
Definition 4.2 (fixed divisors of type (3, 0)sm). Let X be a smooth Fano 4-fold and
D ⊂ X a fixed prime divisor. We say that D is of type (3,0)sm is there exists a SQM
X 99K X ′ such that X ′ is the blow-up of a projective 4-fold Y ′ at a smooth point, with
exceptional divisor the transform of D.
This notion is crucial for the rest of the paper; notice that in our main result, Theorem
1.1, the assumption onX can be reformulated by saying that X has a fixed prime divisor
of type (3, 0)sm.
The goal of section 4 is to prove the following intermediate result.
Theorem 4.3. Let X be a smooth Fano 4-fold such that every fixed prime divisor is
of type (3, 0)sm. Then ρX ≤ 11, and if ρX ≥ 10, then X has an elementary rational
contraction of fiber type.
We first study properties of fixed prime divisors of type (3, 0)sm, in section 4.1. Then
we study Fano 4-folds where every fixed prime divisor is of type (3, 0)sm, in section 4.2.
We conclude section 4.2 with the proof of Th. 4.3.
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4.1. Fixed divisors of type (3, 0)sm
In this section we study properties of fixed divisors of type (3, 0)sm. We show that
given a fixed divisor D of type (3, 0)sm in X, there exists a SQM X 99K X˜ such that
X˜ is the blow-up of another smooth Fano 4-fold Y at a point (Prop. 4.5). We use
this to show that whenever we have X
ψ
99K X ′
g
→ Y ′, where ψ is a SQM and g is an
elementary divisorial contraction with exceptional locus the transform of D, then g is
of type (3, 0)sm (Prop. 4.11). We conclude the section by relating fixed prime divisors
of X to fixed prime divisors of Y (Lemma 4.14).
Lemma 4.4. Let X be a smooth Fano 4-fold and D ⊂ X a fixed prime divisor of type
(3, 0)sm. Let ψ : X 99K X ′ be a SQM and g : X ′ → Y ′ the blow-up of a smooth point
p ∈ Y ′, with Exc(g) the transform of D.
(1) For every exceptional plane L ⊂ X r domψ we have either D ∩ L = ∅, or L ⊂ D
and D · CL < 0, where CL is a line in L ∼= P
2. Moreover X r domψ contains all
exceptional planes contained in D.
(2) For every irreducible curve C ⊂ Y ′ such that p ∈ C we have −KY ′ · C ≥ 2 and
−KY ′ · C 6= 3. If −KY ′ · C = 2, then C = g(ℓ), ℓ ⊂ X
′ an exceptional line with
Exc(g) · ℓ = 1.
(3) The point p can belong to (at most) finitely many integral curves of anticanonical
degree 2, and cannot belong to an exceptional plane.
Proof. Let L ⊂ X r domψ be an exceptional plane, and ℓ ⊂ X ′ r domψ−1 the corre-
sponding exceptional line (see Th. 2.7). Notice that every curve contained in Exc(g)
is contracted by g and has positive anticanonical degree; in particular Exc(g) cannot
contain ℓ. Hence either Exc(g) · ℓ > 0, or Exc(g) ∩ ℓ = ∅; respectively in X we have
either D · CL < 0 and L ⊂ D, or D ∩ L = ∅.
Consider now an exceptional plane L0 ⊂ D. If L0 intersects domψ, then by Rem. 2.9
it intersects the exceptional planes in X r domψ in (at most) finitely many points,
therefore a general line CL0 ⊂ L0
∼= P2 is contained in domψ. If C ′L0 ⊂ Exc(g) is the
transform of CL0 , then −KX′ ·C
′
L0
= −KX ·CL0 = 1, which is impossible because every
curve in Exc(g) has anticanonical degree at least 3. Thus we have (1).
Finally, (2) follows from Lemma 3.11 (and its proof), and (3) follows from (2). 
Proposition 4.5. Let X be a smooth Fano 4-fold and D ⊂ X a fixed prime divisor
of type (3, 0)sm. Then there exist a SQM ϕ : X 99K X˜ and f : X˜ → Y a blow-up of a
smooth point p ∈ Y , with Exc(f) the transform of D, such that:
(1) X r domϕ is the union of all exceptional planes contained in D;
(2) X
ϕ
99K X˜
f
→ Y is a MMP for D;
(3) Y is Fano.
Moreover ϕ : X 99K X˜ and f : X˜ → Y are uniquely determined by one of the properties
(1), (2), or (3) above.
Proof. Let L1, . . . , Lr be the exceptional planes contained in D. By Def. 4.2, there exist
a SQM ψ : X 99K X ′ and a blow-up of a smooth point g : X ′ → Y ′ with Exc(g) the
transform of D. By Th. 2.7 and Lemma 4.4(1) we have
X r domψ = L1 ∪ · · · ∪ Lr ∪ L
′
1 ∪ · · · ∪ L
′
s,
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where L′i is an exceptional plane disjoint from D for i = 1, . . . , s, and s ≥ 0.
4.6. We construct ϕ : X 99K X˜ and compare ϕ and ψ.
Let us run a MMP for D in X, by choosing at each step a D-negative small extremal
ray of the cone of effective curves, and we stop when there are no more D-negative
small extremal rays. This yields a SQM ϕ : X 99K X˜ such that X r domϕ is a union
of exceptional planes contained in D, thus
X r domϕ ⊆ L1 ∪ · · · ∪ Lr.
Up to reordering, we can assume that X r domϕ = L1 ∪ · · · ∪ Lt, with t ∈ {0, . . . , r}.
Then Lt+1, . . . , Lr, L
′
1, . . . , L
′
s ⊂ domϕ, hence their images
ϕ(Lt+1), . . . , ϕ(Lr), ϕ(L
′
1), . . . , ϕ(L
′
s)
are pairwise disjoint exceptional planes in X˜. Moreover, if D˜ ⊂ X˜ is the transform
of D, then ϕ(Lt+1), . . . , ϕ(Lr) are contained in D˜, while ϕ(L
′
1), . . . , ϕ(L
′
s) are disjoint
from D˜.
Let us consider the diagram:
X ϕ
//❴❴❴
ψ
((♠ ❤
❞ ❴ ❩ ❱ ◗
X˜
ξ
//❴❴❴ X ′
g
// Y ′
where ξ := ψ ◦ ϕ−1 is a SQM, and by construction
X˜ r dom ξ = ϕ(Lt+1) ∪ · · · ∪ ϕ(Lr) ∪ ϕ(L
′
1) ∪ · · · ∪ ϕ(L
′
s).
Notice that X ′ r dom(ξ−1) is a finite union of exceptional lines.
As Exc(g) ⊂ X ′ cannot contain exceptional lines, it intersects X ′ r dom(ξ−1) in at
most finitely many points. Let T ⊂ Exc(g) ∼= P3 be a general plane and Γ ⊂ T a line.
Then T ⊂ dom ξ−1, so if Γ˜ ⊂ D˜ ⊂ X˜ is the transform of Γ, we have
(4.7) D˜ · Γ˜ = Exc(g) · Γ = −1 and −KX˜ · Γ˜ = −KX′ · Γ = 3.
4.8. We show that D˜ cannot contain exceptional planes.
By contradiction, let L ⊂ D˜ be an exceptional plane, and let CL ⊂ L be a line. We
have −KX˜ · CL = 1, and using (4.7) it is easy to check that the classes [CL] and [Γ˜] in
N1(X˜) cannot be proportional. Since both curves CL and Γ˜ are contained in D˜, we get
dimN1(D˜, X˜) > 1.
Being D a fixed divisor, D˜ cannot be nef, so there is at least one D˜-negative extremal
ray R of NE(X˜), which by construction is divisorial. The extremal ray R is K-negative,
by Lemma 2.8(1).
Since dimN1(D˜, X˜) > 1, the extremal rayR cannot be of type (3, 0) (see Rem. 2.15(1)).
Recall that Γ˜ is the transform of a general line in Exc(g) ∼= P3, thus [Γ˜] 6∈ R, otherwise
R would be of type (3, 0). Therefore the contraction of R must be finite on the tran-
form T˜ ⊂ D˜ of the plane T ⊂ Exc(g). This implies that R is of type (3, 2) and that
dimN1(D˜, X˜) = 2 (see Rem. 2.15(3)).
Thus D˜ is covered by integral curves of anticanonical degree 1 (see 2.14), and by
Lemma 2.8(3) we have D˜ ⊂ domϕ−1 and D ⊂ domϕ. On the other hand ϕ is a
composition of D-negative flips, thus ϕ must be the identity and X = X˜ . Moreover we
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have shown that every D-negative extremal ray of NE(X) is divisorial of type (3, 2).
By Lemma 2.16(1), −KX +D is nef.
Notice that since dimN1(D,X) = 2, there are at most two D-negative extremal rays.
On the other hand (−KX +D) · Γ˜ = 2 by (4.7), thus (−KX +D)|D is not numerically
trivial. Again by Lemma 2.16(1), this implies that R is the unique D-negative extremal
ray of NE(X), and R = (−KX +D)
⊥ ∩NE(X).
Let us consider now the exceptional plane L ⊂ D. The contraction of R is finite on
L by Rem. 2.15(4), thus [CL] 6∈ R and (−KX +D) · CL > 0. Since −KX · CL = 1, this
implies that D · CL ≥ 0, contradicting Lemma 4.4(1).
We conclude that D˜ cannot contain exceptional planes.
4.9. We are now ready to show the statement. Since D˜ does not contain exceptional
planes, we must have t = r,
X r domϕ = L1 ∪ · · · ∪ Lr, and X˜ r dom ξ = ϕ(L
′
1) ∪ · · · ∪ ϕ(L
′
s),
thus we have (1). Recall that the exceptional planes ϕ(L′1), . . . , ϕ(L
′
s) are disjoint from
D˜, so that D˜ ⊂ dom ξ. In particular D˜ ∼= Exc(g) ∼= P3; this implies that the D˜-negative
extremal ray of NE(X˜) is unique, and yields a contraction f : X˜ → Y which is locally
isomorphic to g, and hence is the blow-up of Y at a smooth point p. Thus we have also
(2).
We are left to show that Y is Fano. If C ⊂ Y is an irreducible curve containing p,
then −KY ·C > 0 by Lemma 4.4(2). If instead p 6∈ C, then the transform C˜ ⊂ X˜ of C
is disjoint from D˜, and hence it is not an exceptional line, thus −KY ·C = −KX˜ ·C˜ > 0.
Notice that Y is a Mori dream space, hence NE(Y ) is closed; we conclude that −KY is
ample, and we have (3).
Let us consider now the map ξY := g ◦ ξ ◦ f
−1 : Y 99K Y ′ as in the diagram:
X ϕ
//❴❴❴
ψ
((♠ ❤
❞ ❴ ❩ ❱ ◗
X˜
f

ξ
//❴❴❴ X ′
g

Y
ξY
//❴❴❴ Y ′
Then ξY is birational, and it is an isomorphism in codimension one, namely it is a SQM
of the smooth Fano 4-fold Y . Moreover
Y r dom(ξY ) = f(ϕ(L
′
1)) ∪ · · · ∪ f(ϕ(L
′
s)).
For the last statement of the Theorem, let us notice that the following statements are
equivalent:
(i) X r domψ = L1 ∪ · · · ∪ Lr;
(ii) ψ factors as a sequence of D-negative flips;
(iii) Y ′ is Fano;
(iv) s = 0;
(v) ξ and ξY are isomorphisms. 
Definition 4.10 (the curve CD). Let X be a smooth Fano 4-fold and D ⊂ X a fixed
divisor of type (3, 0)sm. Consider the MMP for D:
X
ϕ
99K X˜
f
−→ Y
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as in Prop. 4.5. We denote by CD ⊂ D the transform of a general line in Exc(f) ∼= P
3.
Notice that D · CD = −1 and −KX · CD = 3.
Proposition 4.11. Let X be a smooth Fano 4-fold and D ⊂ X a fixed divisor of
type (3, 0)sm. Let ψ : X 99K X ′ be a SQM and g : X ′ → Y ′ an elementary divisorial
contraction with exceptional divisor the transform of D. Then g is of type (3, 0)sm,
CD ⊂ domψ, and ψ(CD) is a line in Exc(g) ∼= P
3.
Proof. Let X
ϕ
99K X˜
f
→ Y be the MMP for D as in Prop. 4.5. We have a commutative
diagram:
X ϕ
//❴❴❴
ψ
((♠ ❤
❞ ❴ ❩ ❱ ◗
X˜
f

ξ
//❴❴❴ X ′
g

Y
ξY
//❴❴❴ Y ′
where the birational maps ξ := ψ ◦ ϕ−1 : X˜ 99K X ′ and ξY := g ◦ ξ ◦ f
−1 : Y 99K Y ′
are isomorphisms in codimension 1. Set D˜ := Exc(f) ⊂ X˜ , T := X˜ r dom ξ, and
Z := Y r dom ξY .
Since Y is a smooth Fano 4-fold, by Th. 2.7 the variety Y ′ is smooth and Z is a union
of exceptional planes. The point p ∈ Y cannot be contained in an exceptional plane by
Lemma 4.4(3), thus p ∈ dom ξY and D˜ ∩ f
−1(Z) = ∅.
Since ξ is an isomorphism in codimension 1, this implies that there is a (non-empty)
open subset of Exc(g) contracted to the point ξY (p) ∈ Y
′, and hence that g is of type
(3, 0).
By the commutativity of the diagram above, we see that ξ is regular on f−1(dom ξY )r
D˜, hence
T = X˜ r dom ξ ⊆
(
X˜ r f−1(dom ξY )
)
∪ D˜ = f−1(Y r dom ξY ) ∪ D˜ = f
−1(Z) ∪ D˜.
If T ∩ D˜ were non-empty, then it would be a connected component of T , entirely con-
tained in D˜; it is not difficult to see that this is impossible, by considering a factorization
of ξ as a sequence of flips, and using that f is of type (3, 0). Thus D˜ ⊂ dom ξ, and ξ is
an isomorphism between Exc(f) and Exc(g). This shows the statement. 
The property above is quite special and depends on the special type of divisorial
contraction that we are considering, that is, the blow-up of a smooth point. In general,
the same fixed divisor in X may become exceptional for different types of elementary
divisorial contractions, as in the following example.
Example 4.12. Set Y := PP2(O ⊕ O(1) ⊕ O(2)), and let S ⊂ Y be the section of
Y → P2 with normal bundle NS/Y = OP2(−1) ⊕ OP2(−2). Let f : X → Y be the
blow-up of Y along S, and set D := Exc(f) ⊂ X, so that D ∼= Blpt P
3.
Then X is a toric Fano 4-fold with ρX = 3 (this is D3 in Batyrev’s list [Bat99]),
and D ⊂ X is a fixed prime divisor which is the exceptional divisor of the elementary
divisorial contraction f : X → Y , of type (3, 2)sm.
On the other hand there is a D-negative flip X 99K X ′ such that if D′ ⊂ X ′ is the
transform of D, then D′ ∼= P3, ND′/X′ ∼= OP3(−2), and there is an elementary divisorial
contraction g : X ′ → Y ′, of type (3, 0), with Exc(g) = D′.
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Let us finally notice that ρX = 3 in this example; we will see in section 5 that such
a behaviour cannot happen when ρX ≥ 6.
Lemma 4.13. Let X be a smooth Fano 4-fold and D1,D2 ⊂ X two distinct fixed prime
divisors of type (3, 0)sm. If D1 +D2 is not movable, then D1 · CD2 = D2 · CD1 = 0.
Proof. Set G := D1 + D2. We run a MMP for G; being G effective, the MMP must
end with G becoming nef. On the other hand, G is not movable, thus some divisorial
contraction must occur in the MMP; let us consider the first one. We have
X
ϕ
99K X ′
f
−→ Y,
where ϕ is a SQM and f is a G′-negative elementary divisorial contraction, with G′ =
D′1+D
′
2, D
′
i ⊂ X
′ the transform ofDi ⊂ X. Then one of the two intersections D
′
i ·NE(f)
must be negative; up to exchanging the divisors Di, we can assume that D
′
1 ·NE(f) < 0,
hence D′1 = Exc(f).
By Prop. 4.11 f is of type (3, 0)sm, CD1 ⊂ domϕ, and if C
′
D1
:= ϕ(CD1), then C
′
D1
is a line in D′1
∼= P3; in particular D2 · CD1 = D
′
2 · C
′
D1
. We get
0 > G′ · C ′D1 = (D
′
1 +D
′
2) · C
′
D1 = D
′
2 · C
′
D1 − 1,
which yields D′2 · C
′
D1
≤ 0. On the other hand D′2 6= D
′
1, thus D
′
2 · C
′
D1
≥ 0, and we
conclude that D2 · CD1 = D
′
2 · C
′
D1
= 0. Since D′1
∼= P3, this implies that the two
divisors D′1 and D
′
2 are disjoint in X
′. In X, their transforms D1 and D2 may meet
only along exceptional planes in X r dom(ϕ). Since a general CD2 ⊂ D2 is disjoint
from any exceptional plane, we also have D1 · CD2 = 0. 
Lemma 4.14. Let X be a smooth Fano 4-fold, D ⊂ X a fixed prime divisor of type
(3, 0)sm, and X
ϕ
99K X˜
f
−→ Y the MMP for D as in Prop. 4.5.
Let BY ⊂ Y be a fixed prime divisor, and BX ⊂ X its transform. Then BX is a fixed
divisor, and BX is of type (3, 0)
sm if and only if BY is of type (3, 0)
sm.
Proof. By Lemma 2.21 we know that BX is a fixed divisor in X such that 〈[D], [BX ]〉∩
Mov(X) = {0}; in particular D +BX is not movable.
Since BY is fixed, there are a SQM ψY : Y 99K Ŷ and an elementary divisorial
contraction gY : Ŷ →W such that Exc(gY ) is the transform of BY (see 4.1).
The rational contraction ψY ◦ f : X˜ 99K Ŷ can be factored as X˜
ψX
99K X̂
fˆ
→ Ŷ , where
ψX : X˜ 99K X̂ is a SQM and fˆ : X̂ → Ŷ is an elementary birational contraction.
X
ϕ
//❴❴❴ X˜
ψX
//❴❴❴
f

X̂
fˆ

Y
ψY
//❴❴❴ Ŷ
gY
// W
SinceD is contracted in Y , fˆ must be divisorial with exceptional divisor the transform of
D. By assumptionD is of type (3, 0)sm, hence Prop. 4.11 yields that fˆ is again the blow-
up of a smooth point p ∈ Ŷ ; moreover CD ⊂ dom(ψX ◦ϕ) and [(ψX ◦ϕ)(CD)] ∈ NE(fˆ).
4.15. Let BX̂ ⊂ X̂ be the transform of BX . We show that if either BX or BY is of
type (3, 0)sm, then
B
X̂
∩ Exc(fˆ) = ∅.
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Indeed suppose that BX is of type (3, 0)
sm. Then by Lemma 4.13 we have BX ·CD = 0
in X and hence BX̂ · NE(fˆ) = 0 in X̂. This implies that BX̂ ∩ Exc(fˆ) = ∅, because
Exc(fˆ) ∼= P3.
Suppose instead that BY is of type (3, 0)
sm. Then gY is of type (3, 0)
sm by Prop. 4.11;
thus we can apply Lemma 3.13 to gY ◦ fˆ : X̂ → W , and deduce that p 6∈ Exc(gY ),
B
X̂
= fˆ−1(Exc(gY )) and BX̂ ∩ Exc(fˆ) = ∅.
4.16. Suppose now that either BX or BY is of type (3, 0)
sm, and let us consider h :=
gY ◦ fˆ : X̂ → W . The cone NE(h) has dimension 2, and one of its extremal rays is
NE(fˆ). Let gX : X̂ → Z be the contraction of the second extremal ray of NE(h) and
k : Z → W the induced contraction; notice that both gX and k are birational.
X
ϕ
//❴❴❴ X˜
ψX
//❴❴❴
f

X̂
fˆ

h
❄
❄❄
❄❄
❄❄
❄
gX
// Z
k

Y
ψY
//❴❴❴ Ŷ
gY
// W
We have BX̂ ∩ Exc(fˆ) = ∅ by 4.15, hence Exc(h) = BX̂ ∪ Exc(fˆ); moreover it is not
difficult to see that B
X̂
·NE(gX) < 0, so that Exc(gX ) ⊆ BX̂ . Notice that gX(Exc(fˆ))
∼=
P3 is a Cartier divisor in Z, with negative normal bundle; this implies that Exc(k) =
gX(Exc(fˆ)) and hence gX must be divisorial with Exc(gX) = BX̂ . Therefore gX and
gY are locally isomorphic, and gX is of type (3, 0)
sm if and only if gY is; this yields the
statement. 
4.2. Fano 4-folds where every fixed divisor is of type (3, 0)sm
4.17. In this section we study Fano 4-folds X where every fixed prime divisor is of type
(3, 0)sm, and we prove Th. 4.3 stating that ρX ≤ 11.
Let us outline the strategy. We know that ifX has an elementary rational contraction
of fiber type, then ρX ≤ 11 by Th. 2.13. One can always find a sequence of flips and
elementary divisorial contractions X 99K Y such that Y has an elementary rational
contraction of fiber type Y 99K Z. Using the fact that every fixed prime divisor of X is
of type (3, 0)sm, we show that if dimZ ≥ 2, then we can “lift” this elementary rational
contraction of fiber type to X, and hence apply Th. 2.13 (Lemma 4.21). Otherwise, we
reduce to the case where ρY ≤ 2, and we show that X is isomorphic in codimension
one to Blp1,...,pr Y (Lemma 4.22). Finally if ρY = 1 we conclude by Th. 1.2; if ρY = 2
we follow the same proof as for Th. 1.2, and for this we need to analyse Y in order to
bound h0(Y,−KY ) (Lemma 4.23).
Lemma 4.18. Let X be a projective, normal, and Q-factorial Mori dream space, and
f : X 99K Y a sequence of flips and elementary divisorial contractions (in arbitrary
order). Set r := ρX − ρY . Then f can be factored as
X 99K X0 −→ X1 −→ · · · −→ Xr−1 −→ Xr = Y,
where X 99K X0 is a SQM, and Xi−1 → Xi is an elementary divisorial contraction for
every i = 1, . . . , r.
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Proof. We proceed by induction on r. If r = 0, then f is a SQM and there is nothing
to prove. Assume that r > 0, and let us factor f as in the following diagram:
X //❴❴❴
f
''♥ ✐
❞ ❴ ❩ ❯ P
Z g
//❴❴❴ Y,
where both maps are sequences of flips and elementary divisorial contractions, and
ρZ − ρY = 1. We can factor g as follows:
Z //❴❴❴
g
''♥ ✐
❞ ❴ ❩ ❯ P
Z˜
g˜
// Y,
where Z 99K Z˜ is a SQM, and g˜ is regular. Then g˜ is an elementary birational contrac-
tion, and cannot be small because Y is Q-factorial; thus it is divisorial.
Let us now consider the composite map X 99K Z˜. By applying the induction as-
sumption, we get the statement. 
Lemma 4.19. Let X be a smooth Fano 4-fold such that every fixed prime divisor is of
type (3, 0)sm. Let X 99K Y be a sequence of flips and elementary divisorial contractions
(in arbitrary order). We have the following:
(1) Y is smooth, it is a SQM of a smooth Fano 4-fold Y ′, and every fixed prime divisor
in Y ′ is of type (3, 0)sm;
(2) every divisorial contraction occurring in the sequence is of type (3, 0)sm;
(3) set r := ρX − ρY ; there are r distinct points p1, . . . , pr ∈ Y such that X and
Blp1,...,pr Y are isomorphic in codimension one.
Proof. To show (1) and (2), we proceed by induction on r = ρX − ρY . If r = 0, then
X 99K Y is a SQM, and Y is smooth by Th. 2.7. Let us consider the general case. We
factor X 99K Y as
X 99K X ′
f
−→ Z
ϕ
99K Y,
where X 99K X ′ is a SQM, f : X ′ → Z is an elementary divisorial contraction, and
ϕ : Z 99K Y is a sequence of flips and elementary divisorial contractions.
Let D ⊂ X be the transform of Exc(f). Then D is a fixed prime divisor, and by
assumption it is of type (3, 0)sm. Therefore Prop. 4.11 and 4.5 yield that Z is smooth,
f is of type (3, 0)sm, and there exists a SQM ψ : Z ′ 99K Z where Z ′ is a Fano 4-fold.
Moreover, by Lemma 4.14, every fixed prime divisor in Z ′ is of type (3, 0)sm. By the
induction assumption applied to the map ϕ ◦ ψ : Z ′ 99K Y , we get (1) and (2).
We show (3). By Lemma 4.18 the map X 99K Y can be factored as
X 99K X˜
g
−→ Y,
where X 99K X˜ is a SQM and g is a composition of r elementary divisorial contractions.
By (2), every such contraction is of type (3, 0)sm, thus the statement follows from
Lemma 3.13. 
The following is a “version with flips” of the well-known 2-ray game.
Lemma 4.20. Let X be a projective, normal, and Q-factorial Mori dream space,
f : X → Y an elementary divisorial contraction, and g : Y → Z an elementary con-
traction of fiber type. Set h := g ◦ f : X → Z, D := Exc(f) ⊂ X, and assume that
codimh(D) ≥ 2.
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Then there exists a SQM ϕ : X 99K X˜ such that h˜ := h ◦ϕ−1 : X˜ → Z is regular and
factors as X˜
g˜
→ T
f˜
→ Z, where g˜ is an elementary contraction of fiber type, and f˜ is an
elementary divisorial contraction with Exc(f˜) = g˜(D˜), D˜ ⊂ X˜ the transform of D.
X
f

h
❄
❄❄
❄❄
❄❄
❄
ϕ
//❴❴❴❴❴❴❴ X˜
h˜
⑧⑧
⑧⑧
⑧⑧
⑧⑧
g˜

Y
g
// Z T
f˜
oo
Proof. Set W := h(D). Since W has codimension at least 2 and g is elementary of
fiber type, the inverse image g−1(W ) ⊂ Y has codimension at least 2 (see for instance
[Cas13a, Rem. 2.9]), so D is the unique divisorial component of h−1(W ).
Now we run a MMP for −D on X, relative to h. Since we are considering D-positive
extremal rays, contained in NE(h), the exceptional loci of all the maps in the MMP are
contained in h−1(W ). In particular, the MMP cannot end with a D-positive fiber type
contraction, so it must end with −D becoming h-nef.
On the other hand, since we are considering D-positive extremal rays, D can never
be the exceptional divisor of a divisorial contraction in the MMP. Since there are no
other divisorial components in h−1(W ), there can be no divisorial contraction in the
MMP. This means that the MMP yields a SQM ϕ : X 99K X˜ such that the composition
h˜ := h ◦ϕ−1 : X˜ → Z is regular, and if D˜ ⊂ X˜ is the transform of D, then −D˜ is h˜-nef.
Notice that NE(h˜) is a 2-dimensional cone. Since h˜ is of fiber type, −D˜ cannot be
h˜-ample. On the other hand h˜(D˜) =W is not a divisor, thus D˜ is not the pull-back of
a divisor under h˜, hence D˜ is not h˜-trivial (again see [Cas13a, Rem. 2.9]). Therefore
D˜⊥ ∩ NE(h˜) is an extremal ray of NE(X˜), which yields an elementary contraction
g˜ : X˜ → T such that h˜ factors through g˜. Let f˜ : T → Z be the induced elementary
contraction.
Since D˜ does not dominate Z, if C ⊂ X˜ is a curve in a general fiber of h˜, then
C ∩ D˜ = ∅, hence D˜ · C = 0 and [C] ∈ NE(g˜). This shows that g˜ is of fiber type.
Moreover DT := g˜(D˜) is a prime divisor such that D˜ = g˜
∗(DT ) and f˜(DT ) = W . It
is not difficult to see that DT · NE(f˜) < 0, in particular f˜ is birational. On the other
hand Z is Q-factorial, hence f˜ cannot be small. We conclude that f˜ is divisorial with
Exc(f˜) = DT . 
Lemma 4.21. Let X be a smooth Fano 4-fold such that every fixed prime divisor
is of type (3, 0)sm. Let α : X 99K Y be a sequence of flips and elementary divisorial
contractions (in arbitrary order), and β : Y 99K Z an elementary rational contraction
of fiber type. If dimZ ∈ {2, 3}, then β ◦ α can be factored as in the following diagram:
X
α //❴❴❴
β˜

✤
✤
✤ Y
β

✤
✤
✤
T
α˜ // Z
where β˜ is an elementary rational contraction of fiber type, and α˜ is a sequence of
elementary divisorial contractions.
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Proof. We proceed by induction on ρX − ρY . If ρX = ρY , then α is a SQM, and we can
take T = Z, β˜ = β ◦ α, and α˜ = IdZ . Suppose now that ρX − ρY > 0; we can factor α
as
X
f
//❴❴❴
α
''♠ ❤
❞ ❴ ❩ ❱ ◗
W
ψ
//❴❴❴ Y
where both f and ψ are sequences of flips and elementary divisorial contractions, and
ρX − ρW = 1.
By Lemma 4.19, W is smooth, there is a SQM W 99K W˜ such that W˜ is a Fano
4-fold, and every fixed divisor of W˜ is of type (3, 0)sm. Up to composing f and ψ with
a SQM, we can assume that W = W˜ .
Then we can apply the induction assumption to ψ : W 99K Y and β : Y 99K Z, and
deduce that there exists a commutative diagram:
W
ψ
//❴❴❴
g

✤
✤
✤ Y
β

✤
✤
✤
Z ′
χ
// Z
where g is an elementary rational contraction of fiber type, and χ is a sequence of
elementary divisorial contractions.
Let ϕ : W 99K W ′ be a SQM such that the composition g′ := g ◦ ϕ−1 : W ′ → Z ′ is
regular, and consider the rational contraction ϕ◦f : X 99KW ′. Finally let ξ : X 99K X ′
be a SQM such that f ′ := ϕ ◦ f ◦ ξ−1 : X ′ →W ′ is regular.
X
f

✤
✤
✤
ξ
//❴❴❴
  ❇
❇
❇
❇ X
′
f ′

h
  ❆
❆❆
❆❆
❆❆
❆
η
//❴❴❴❴❴❴❴ X˜
h˜
⑦⑦
⑦⑦
⑦⑦
⑦⑦
g˜

W
g
66❘ ❱ ❬ ❴ ❝ ❤
❧
ϕ
//❴❴❴ W ′
g′
// Z ′ T
f˜
oo
Set h := g′ ◦f ′ : X ′ → Z ′. By Lemma 4.19 f ′ is of type (3, 0)sm; set D := Exc(f ′). Then
h(D) is a point in Z ′ and dimZ ′ = dimZ ≥ 2, so by Lemma 4.20 there exists a SQM
η : X ′ 99K X˜ such that the composition h˜ := h ◦ η−1 : X˜ → Z ′ is regular and factors as
f˜ ◦ g˜, where g˜ : X˜ → T is an elementary contraction of fiber type, and f˜ : T → Z ′ is
an elementary divisorial contraction. Now we set β˜ := g˜ ◦ η ◦ ξ and α˜ := χ ◦ f˜ , and we
have the statement. 
Lemma 4.22. Let X be a smooth Fano 4-fold such that every fixed prime divisor is of
type (3, 0)sm. Then one of the following holds:
(i) X has an elementary rational contraction of fiber type;
(ii) there is a SQM X 99K X˜ such that X˜ = Blp1,...,pr Y , where Y is smooth and
p1, . . . , pr ∈ Y are distinct points, and one of the following holds:
(iia) ρY = 1;
(iib) ρY = 2 and Y has two distinct elementary rational contractions Y 99K P
1.
Proof. Let A be an ample divisor on X. By running a MMP for −A, we get a diagram
X 99K Y
f
−→ Z
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where X 99K Y is a sequence of flips and elementary divisorial contractions, and f is
an elementary contraction of fiber type. By Lemma 4.19(1)-(3), Y is smooth and there
is a SQM X 99K X˜ such that X˜ = Blp1,...,pr Y , where p1, . . . , pr ∈ Y are distinct points.
If dimZ > 1, then we have (i) by Lemma 4.21. If Z = {pt}, then ρY = 1 and we
have (iia). Suppose that dimZ = 1, so that Z ∼= P1 and ρY = 2. Then f
∗(Nef(Z)) is
a one-dimensional face of Mov(Y ); let σ be the other one-dimensional face of Mov(Y ),
and let g : Y 99K Z ′ be the associated elementary rational contraction (namely σ =
g∗(Nef(Z ′))), so that ρZ′ = 1.
Since g∗(Nef(Z ′)) is in the boundary of Mov(Y ), either g is divisorial, or it is of fiber
type. If it is divisorial, then we replace X 99K Y by the composition X 99K Z ′, and
we have again (iia). If g is of fiber type and dimZ ′ > 1, we have again (i) as before.
Otherwise Z ′ ∼= P1, and we have (iib). 
Lemma 4.23. Let X be a smooth Fano 4-fold such that every fixed prime divisor is of
type (3, 0)sm, and ρX ≥ 3. If we are in case (iib) of Lemma 4.22, then h
0(Y,−KY ) ≤ 40.
Proof. By Lemma 4.19(1), up to composing X 99K Y with a SQM of Y , we can assume
that Y is Fano. For both rational contractions Y 99K P1, let us consider a SQM Yi 99K Y
such that the composition fi : Yi → P
1 is regular and K-negative (see Rem. 2.3). We
have a diagram:
Y1
f1

Yoo❴ ❴ ❴ //❴❴❴ Y2
f2

P1 P1
Fix i ∈ {1, 2} and let Fi ⊂ Yi be a general fiber of fi. Since fi is K-negative, Fi is a
smooth Fano 3-fold. Let F˜i ⊂ Y be the transform of Fi.
4.24. We show that Fi cannot have a covering family of rational curves of anticanonical
degree 3. This implies that Fi contains a curve Γi with ci := −KFi ·Γi ∈ {1, 2, 4} [Kol96,
Cor. IV.1.15]; notice that Fi · Γi = 0 and −KYi · Γi = ci.
By contradiction, if Fi has a covering family of rational curves of anticanonical degree
3, then Yi has a covering family V of rational curves, of anticanonical degree 3, and
such that fi(Cv) is a point of every v ∈ V .
Consider now the map X 99K Yi. By Lemma 4.19(3), we know that there are r :=
ρX − 2 distinct points p1, . . . , pr ∈ Yi such that X and Blp1,...,pr Yi are isomorphic in
codimension one. Notice that r > 0, because ρX ≥ 3. Then, by considering a curve
Cv of the family containing p1, we reach a contradiction as in the proof of Lemma
3.12 (note that even if Yi is not Fano, every irreducible component of Cv has positive
anticanonical degree, because fi is K-negative).
4.25. We show that Y 99K Yi cannot be an isomorphism. Indeed if for instance Y = Y1
and f1 : Y → P
1, let R be the extremal ray of NE(Y ) different from NE(f1). Then R
is either of type (4, 1) (if Y = Y2), or small (if Y 99K Y2 is not an isomorphism), and in
this last case it is of type (2, 0) (see Lemma 2.6). Thus in any case the contraction of R
has a fiber Z with dimZ ≥ 2, but f1 must be finite on Z, which gives a contradiction.
We conclude that NE(Y ) is generated by two small extremal rays. In particular Y
contains curves of anticanonical degree 1 (see Lemma 2.6), hence it has index 1.
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4.26. We have Eff(Y ) = 〈[F˜1], [F˜2]〉, so there exist positive integers n, a1, a2 such that
n(−KY ) = a1F˜1 + a2F˜2,
and we can assume that gcd(n, a1, a2) = 1.
Since Yi is rationally connected, by [GHS03] there exists Ci ⊂ Yi section of fi, so
that Fi · Ci = 1. Now let F̂2 ⊂ Y1 be the transform of F2. In Y1 we have
(4.27) n(−KY1) = a1F1 + a2F̂2,
and intersecting with C1 we get
n(−KY1 · C1) = a1 + a2F̂2 · C1.
This implies that gcd(a2, n) divides a1, and hence that gcd(a2, n) = 1. Similarly we get
that gcd(a1, n) = 1.
Set d := gcd(a1, a2) and ai := da
′
i for i = 1, 2. We have
n(−KY ) = d(a
′
1F˜1 + a
′
2F˜2)
and gcd(n, d) = 1. This implies that d = 1, because Y has index 1. Now intersecting
with Γ1 in Y1 (see 4.24) we get from (4.27):
nc1 = a2F̂2 · Γ1,
which implies that a2 divides c1 and hence that a2 ∈ {1, 2, 4}. Similarly we deduce that
a1 ∈ {1, 2, 4}.
4.28. Since gcd(a1, a2) = 1, we can assume that a1 = 1, so that (4.27) becomes
n(−KY1) = F1 + a2F̂2 and hence
−KY1 − F1 = a2F̂2 − (n− 1)(−KY1).
We know that h0(Y1,−KY1) = h
0(Y,−KY ) > 0 by [Kaw00, Th. 5.2]; thus we get
h0(Y1,−KY1 − F1) = h
0(Y1, a2F̂2 − (n − 1)(−KY1)) ≤ h
0(Y1, a2F̂2) = h
0(Y2, a2F2)
= h0(Y2, f
∗
2OP1(a2)) = h
0(P1,OP1(a2)) = a2 + 1 ≤ 5.
Now the exact sequence
0 −→ OY1(−KY1 − F1) −→ OY1(−KY1) −→ OF1(−KF1) −→ 0
yields
h0(Y,−KY ) = h
0(Y1,−KY1) ≤ h
0(Y1,−KY1 − F1) + h
0(F1,−KF1).
On the other hand F1 is a smooth Fano 3-fold; we have (−KF1)
3 ≤ 64 [IP99, Ch. 12],
and by Hirzebruch-Riemann-Roch [Ful98, Ex. 15.2.5]
h0(F1,−KF1) = χ(F1,−KF1) =
1
2
(−KF1)
3 + 3 ≤ 35.
Therefore h0(Y,−KY ) ≤ 40, and this concludes the proof. 
Proof of Th. 4.3. We apply Lemma 4.22. If (i) holds, then X has a rational contraction
of fiber type, and ρX ≤ 11 by Th. 2.13. If (iia) holds, then ρX ≤ 9 by Th. 1.2. If (iib)
holds, then either ρX = 2, or ρX ≥ 3 and h
0(Y,−KY ) ≤ 40 by Lemma 4.23. Hence by
Prop. 3.3 we have
0 ≤ h0(X,−KX) = h
0(Y,−KY )− 15r ≤ 40− 15r
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thus r ≤ 2 and ρX ≤ 4. 
5. Fixed divisors in Fano 4-folds with ρ ≥ 6
5.1. The type of a fixed prime divisor
Fixed prime divisors in Fano 4-folds with ρ ≥ 6 are described in [Cas13a]; there are
four possible types, one of which – type (3, 0)sm – has already been defined and studied
in section 4. In this section we recall this result from [Cas13a], and we define the type
of a fixed prime divisor.
Theorem 5.1 ([Cas13a], Th. 3.15 and Rem. 3.16). Let X be a smooth Fano 4-fold with
ρX ≥ 6, D ⊂ X a fixed prime divisor, and consider a MMP for D:
X
ϕ
99K X˜
f
−→ Y.
Then one of the following holds:
(i) ϕ is an isomorphism and f is of type (3, 2);
(ii) Y is Fano and f is of type (3, 1)sm;
(iii) Y is Fano and f is of type (3, 0)sm;
(iv) Y is (singular) Fano and f is of type (3, 0)Q.
Moreover, if f is not of type (3, 2), then ϕ factors as a sequence of at least ρX − 4
K-negative flips.
Corollary 5.2. Let X be a smooth Fano 4-fold with ρX ≥ 6, and D ⊂ X a fixed prime
divisor. Then one of the following holds:
(i) there is a unique MMP X
ϕ
99K X˜
f
→ Y for D, up the order of the flips in ϕ; in
particular both the maps ϕ : X 99K X˜ and f : X˜ → Y in Th. 5.1 are uniquely
determined by D;
(ii) ρX = 6, δX = 3, dimN1(D,X) = 3, and NE(X) has n ≥ 2 D-negative extremal
rays R1, . . . , Rn, all of type (3, 2). The possible MMP’s for D are fi : X → Yi,
where fi is the contraction of Ri.
Whenever we are in case (i) of Cor. 5.2, we can talk about “the MMP for D”. Notice
that we are always in case (i) if we assume that ρX ≥ 7 or ρX = 6 and δX ≤ 2, and
also if D is not the locus of an extremal ray of NE(X) of type (3, 2).
Proof. Let X
ϕ
99K X˜
f
→ Y and X
ϕ2
99K X˜2
f2
→ Y2 be two MMP’s for D. Then the induced
birational map ψ : Y 99K Y2 is a SQM.
If both Y and Y2 are Fano, then ψ is an isomorphism (because the pull-back of
the ample divisor −KY2 stays ample on Y ). Thus we may assume that Y = Y2 and
ψ = IdY , namely that f ◦ ϕ = f2 ◦ ϕ2 : X 99K Y . On the other hand, since the rational
contraction g := f ◦ ϕ : X 99K Y is elementary and divisorial, the SQM ξ : X 99K X ′
such that g ◦ ξ−1 : X ′ → Y is regular is unique (up to isomorphism of the target).
Therefore we conclude that there is an isomorphism χ : X˜ → X˜2 such that ϕ2 = χ ◦ ϕ
and f2 = f ◦ χ
−1, so we are in case (i).
Suppose now that Y and Y2 are not both Fano; we can assume for simplicity that Y
is not Fano. Then, by Th. 5.1, ϕ is an isomorphism and f is of type (3, 2).
Let R1, . . . , Rn be the D-negative extremal rays of NE(X). Each Ri is of type
(3, 2), by Rem. 2.17(2); moreover since Y is not Fano, we must have n ≥ 2 by [Wi´s91,
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Prop. 3.4(i)]. This yields ρX = 6, δX = 3, and dimN1(D,X) = 3, by Rem. 2.17(3).
Since there are no D-negative small extremal rays, ϕ2 must be an isomorphism too,
and f2 is the contraction of one of the extremal rays R1, . . . , Rn. This yields (ii). 
Definition 5.3 (the type of a fixed prime divisor in a Fano 4-fold with ρ ≥ 6). Let X
be a smooth Fano 4-fold with ρX ≥ 6, and D ⊂ X a fixed prime divisor.
We say that D is of type (3,2) if it is the locus of an extremal ray of NE(X) of type
(3, 2). Otherwise, let X
ϕ
99K X˜
f
→ Y be the MMP for D. We say that D is:
– of type (3,1)sm if we are in case (ii) of Th. 5.1;
– of type (3,0)sm if we are in case (iii) of Th. 5.1;
– of type (3,0)Q if we are in case (iv) of Th. 5.1.
Cor. 5.2 guarantees that there is no ambiguity in the definition above (namely that
D has a unique type), and by Th. 5.1 every fixed prime divisor in a Fano 4-fold with
ρX ≥ 6 is of one of the four types defined above.
Let us also notice that by Prop. 4.5, the definition given above of the type (3, 0)sm
is equivalent to Def. 4.2.
The uniqueness property given by Cor. 5.2 does not hold without the assumption
ρX ≥ 6; here is a simple example (see also Ex. 4.12).
Example 5.4. Set X := PP1×P2(O ⊕ O(1, 1)). Then X is a toric Fano 4-fold with
ρX = 3, and the P
1-bundle X → P1 × P2 has a section D with normal bundle ND/X ∼=
OP1×P2(−1,−1). The divisor D is the locus of two extremal rays R1 and R2 of NE(X),
both divisorial, one of type (3, 1)sm and one of type (3, 2)sm. Thus in this case it does
not make sense to talk about the “type of the fixed divisor D”.
We conclude the section with some properties that will be used in the sequel.
Remark 5.5. In case (ii) of Th. 5.1, every non-trivial fiber F of f can intersect at
most one exceptional line. Indeed if F has two distinct points p1, p2 both belonging to
an exceptional line, consider the line C = p1p2 ⊂ F ∼= P
2, and its transform CX ⊂ X.
We have −KX˜ · C = 2 and −KX · CX ≤ 0 by Lemma 2.8(1), which is impossible.
Remark 5.6. In the setting of Th. 5.1, Exc(f) does not contain exceptional lines.
Indeed this is clear in cases (i), (iii), and (iv). In case (ii), if Exc(f) contains an
exceptional line ℓ, then f must be finite on ℓ (because f is K-negative), thus ℓ intersects
every non-trivial fiber of f . On the other hand by Th. 5.1 X˜ contains at least ρX−4 ≥ 2
exceptional lines, and these must all intersect Exc(f). Thus there is at least one non-
trivial fiber of f intersecting two exceptional lines, contradicting Rem. 5.5.
Lemma 5.7. Let X be a smooth Fano 4-fold with ρX ≥ 6, D ⊂ X a fixed prime divisor
not of type (3, 2), and X
ϕ
99K X˜
f
→ Y the MMP for D. Let ℓ1, . . . , ℓs ⊂ X˜ be the
exceptional lines, and H ⊆ N1(X˜) the linear span of [ℓ1], . . . , [ℓs]. Then
dimH ≥ dimN1(D,X) − a and dim
(
f∗H + R[f(Exc(f))]
)
= dimN1(D,X) − 1,
where a = 1 if f is of type (3, 0) and a = 2 if f is of type (3, 1).
Proof. By Lemma 2.11 we have dimN1(Exc(f)∪ ℓ1 ∪ · · · ∪ ℓs, X˜) = dimN1(D,X). On
the other hand N1(Exc(f) ∪ ℓ1 ∪ · · · ∪ ℓs, X˜) = N1(Exc(f), X˜) +H, thus
dim
(
N1(Exc(f), X˜) +H
)
= dimN1(D,X)
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and hence dimH ≥ dimN1(D,X) − dimN1(Exc(f), X˜). Using Rem. 2.15(1)-(2), this
yields the inequality on dimH. Moreover, clearly N1(Exc(f), X˜) +H contains ker f∗,
and f∗(N1(Exc(f), X˜)+H) = f∗H+R[f(Exc(f))]; this yields the second statement. 
5.2. Fixed divisors of type (3, 1)sm
In this section we describe some properties of Fano 4-folds having a fixed prime divisor
of type (3, 1)sm. Our main goal is to show the following result, which will be used in
section 5.7.
Proposition 5.8. Let X be a smooth Fano 4-fold with ρX ≥ 7. If X has a fixed prime
divisor of type (3, 1)sm, then X also has a fixed prime divisor of type (3, 2).
Let us fix a notation for the situation studied in this section.
Setting 5.9. Let X be a smooth Fano 4-fold with ρX ≥ 6, D ⊂ X a fixed prime divisor
of type (3, 1)sm, and X
ϕ
99K X˜
f
→ Y the MMP for D, where Y is smooth and Fano, and
f is the blow-up of the smooth curve C ⊂ Y .
Lemma 5.10. Assume that we are in Setting 5.9. Let C0 ⊂ Y be an irreducible curve
such that C ∩ C0 6= ∅ and C0 6= C. We have the following:
(1) −KY · C0 ≥ 1 and −KY · C0 6= 2;
(2) if −KY · C0 = 1, then C0 = f(ℓ), ℓ ⊂ X˜ an exceptional line with Exc(f) · ℓ = 1;
(3) C can meet (at most) finitely many curves of anticanonical degree 1, and cannot
meet any exceptional plane.
Proof. The proof is analogous to that of Lemma 3.11, see also [Cas13a, proof of Cor. 3.19].

Lemma 5.11. Assume that we are in Setting 5.9, and that ρX ≥ 7.
(1) If B ⊂ Y is a fixed prime divisor such that B ∩ C 6= ∅, then B is of type (3, 2).
(2) If B ⊂ Y is a fixed prime divisor containing C, then B · C < 0, R := 〈[C]〉 is an
extremal ray of type (3, 2) of NE(Y ), R is the unique B-negative extremal ray in
NE(Y ), and C is a one-dimensional fiber of the contraction of R.
(3) One of the following holds:
(i) [C] ∈ mov(Y );
(ii) [C] generates an extremal ray R of NE(Y ), of type (3, 2), such that C is a
one-dimensional fiber of the associated contraction; in particular C ∼= P1,
−KY · C = 1, and NC/Y ∼= OP1(−1)⊕O
⊕2
P1
.
Proof. Notice that ρY ≥ 6, hence the type of fixed prime divisors of Y is well-defined.
Let B ⊂ Y be a fixed prime divisor intersecting C; we assume by contradiction that B
is not of type (3, 2). Consider the MMP for B:
Y
ψ
99K Y˜ −→ Z
so that Y˜ → Z is an elementary divisorial contraction with exceptional divisor the
transform B˜ ⊂ Y˜ of B. By Th. 5.1, ψ factors as a sequence of at least ρY −4 K-negative
flips, hence Y˜ contains at least ρY − 4 ≥ 2 exceptional lines, which are pairwise disjoint
and have positive intersection with B˜.
Notice that C ⊂ domψ by Lemma 5.10(3). Let p ∈ C ∩B; we still denote by p ∈ B˜
its image. In particular p ∈ B˜ cannot belong to any exceptional line.
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5.12. If B is of type (3, 0)Q, let Γ ⊂ B˜ ∼= Q be a general line through p. If instead B
is of type (3, 1)sm, let F ⊂ B˜ be the fiber of Y˜ → Z containing p, and let Γ ⊂ F ∼= P2
be a general line through p. Then in both cases −K
Y˜
· Γ = 2, and Γ (being general) is
distinct from the transform of C, and disjoint from the exceptional lines in Y˜ . Therefore
the transform Γ˜ ⊂ Y is an integral curve distinct from C, intersecting C, and with
−KY · Γ˜ = 2, contradicting Lemma 5.10(1).
5.13. Suppose now that B is of type (3, 0)sm, and let q1, . . . , qh ∈ B˜ be the points
belonging to some exceptional line in Y˜ , so that h ≥ 2; notice that qi 6= p for every
i = 1, . . . , h. Consider the line ri := pqi ⊂ B˜ ∼= P
3 and its transform r˜i ⊂ B ⊂ Y .
Notice that C 6= r˜i for every i = 1, . . . , h, because C is disjoint from all exceptional
planes in Y ; on the other hand p ∈ C ∩ r˜i.
We have −KY˜ · ri = 3 and −KY · r˜i ≤ 2 by Lemma 2.8(1) (because ri intersects
some exceptional line). Since by Lemma 5.10(1) C cannot intersect integral curves of
anticanonical degree 2 (distinct from C itself), we must have −KY · r˜i = 1 for every
i = 1, . . . , h. By Lemma 5.10(2), this implies that r˜i are images under f : X˜ → Y of
exceptional lines rˆi in X˜. Since the curves r˜i in Y all contain p, the curves rˆi in X˜ all
intersect the fiber F2 ∼= P
2 of f over p, but this is impossible by Rem. 5.5 (as h ≥ 2).
We conclude that B is of type (3, 2), and we have (1).
5.14. We show (2). If B ⊂ Y is a fixed prime divisor containing C, then B is of type
(3, 2) by (1). Let R be an extremal ray of type (3, 2) with Locus(R) = B, and let
g : Y → W be the associated contraction. If g(C) were a curve, C should intersect
infinitely many curves of anticanonical degree 1 (see 2.14); this contradicts Lemma
5.10(3). Therefore C is contained in a fiber of g, and R = 〈[C]〉. This shows that R
is the unique B-negative extremal ray of NE(Y ) of type (3, 2). By Rem. 2.17(2), there
can be no other B-negative extremal ray.
If F is a 2-dimensional fiber of g, then by [AW97, Prop. 4.3.1] the possibilities for
(F,−KY |F ) are (P
2,OP2(1)) or (Q,OQ(1)), where Q ⊂ P
3 is a reduced quadric. If C
were contained in such a fiber, it should intersect infinitely many curves of anticanonical
degree 1, again contradicting Lemma 5.10(3). Thus C is a 1-dimensional fiber of g, and
we have shown (2).
5.15. For (3), suppose that [C] 6∈ mov(Y ): since mov(Y ) = Eff(Y )∨, there exists
a prime divisor B ⊂ Y such that B · C < 0. Since C cannot be contained in an
exceptional plane by Lemma 5.10(3), Rem. 2.10 implies that [B] 6∈Mov(Y ). Therefore
B is a fixed prime divisor containing C, and we get (ii) by (2) (see also 2.14). 
Lemma 5.16. Assume that we are in Setting 5.9, and that ρX ≥ 7. Let BY ⊂ Y be
a fixed prime divisor such that BY · C > 0, and let BX ⊂ X be the transform of BY .
Then BX is a fixed prime divisor of type (3, 2) such that D ∩BX 6= ∅, 〈[D], [BX ]〉 is a
face of Eff(X), and 〈[D], [BX ]〉 ∩Mov(X) = {0}.
Proof. By Lemma 2.21(3), BX is a fixed prime divisor in X, and 〈[D], [BX ]〉 is a face
of Eff(X) which intersects Mov(X) only in zero.
Since BY · C > 0, we have BY ∩ C 6= ∅, thus BY is a fixed divisor of type (3, 2) by
Lemma 5.11(1). On the other hand C 6⊂ BY by Lemma 5.11(2), thus C ∩BY is a finite
set.
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Let BX˜ ⊂ X˜ be the transform of BY . Then dim(BX˜ ∩ Exc(f)) = 2, and since
dim(X˜ r domϕ−1) = 1 by Th. 2.7, we have BX ∩D 6= ∅.
We are left to show that BX is of type (3, 2). Let g : Y → Z be an elementary
contraction of type (3, 2) with Exc(g) = BY . Then g
−1(g(C ∩BY )) is a union of finitely
many non-trivial fibers of g, and UY := BY r g
−1(g(C ∩ BY )) is a non-empty open
subset of BY , covered by proper, integral rational curves of anticanonical degree 1 (see
2.14). Since UY ∩ C = ∅, the transform UX˜ ⊂ X˜ of UY is isomorphic to UY , and by
Lemma 2.8(3) we have UX˜ ⊂ domϕ
−1. In conclusion, the transform UX ⊂ BX of UY
in X is contained in the open subset where the map X 99K Y is an isomorphism.
Since X is Fano, this implies that BX is covered by a family of rational curves of
anticanonical degree 1, and BX is not nef. We conclude that BX is of type (3, 2) by
Lemma 2.18. 
Lemma 5.17. Assume that we are in Setting 5.9. Let σ be a one-dimensional face of
Eff(Y ) such that σ · C > 0. Then σ 6⊂ Mov(Y ).
Proof. We proceed by contradiction, and assume that there exists a one-dimensional
face σ of Eff(Y ) such that σ ·C > 0 and σ ⊂ Mov(Y ). As in the proof of Lemma 2.22,
this yields a diagram
Y //❴❴❴
g
((♥ ✐
❞ ❴ ❩ ❯ ◗
Y˜
g˜
// Z,
where g is a rational contraction with σ = g∗(Nef(Z)), Y 99K Y˜ is a SQM, Y˜ is smooth,
and g˜ is a K-negative contraction. Moreover if F ⊂ Y˜ is a general fiber of g˜, then F
is smooth, Fano, and ρF ≥ ρY − dimσ = ρY − 1 ≥ 4 by Lemma 2.4, thus g is of fiber
type and F has dimension 2 or 3.
In particular, since ρF ≥ 4, F has a covering family of rational curves of anticanonical
degree 2. This is well-known if F is a del Pezzo surface, and follows from Mori and
Mukai’s work if dimF = 3, see [IP99, Theorem on p. 141]. Therefore Y˜ has a covering
family V of rational curves, of anticanonical degree 2, and contracted by g˜.
Notice that C cannot meet any exceptional plane in Y by Lemma 5.10(3), therefore
it is contained in the open subset where the map Y 99K Y˜ is an isomorphism; let C˜ ⊂ Y˜
be the transform of C. Since σ · C > 0, the image g˜(C˜) is a curve.
For every point p ∈ C˜ there exists a curve Cvp of the family V containing p. Let Γp
be an irreducible component of Cvp containing p, so that Γp is contracted by g˜ (hence
Γp 6= C˜), and 1 ≤ −KY˜ · Γp ≤ 2. Notice also that when p varies in C˜, we get infinitely
many distinct curves Γp.
Let Γ′p ⊂ Y be the transform of Γp. Then Γ
′
p still meets C, and 1 ≤ −KY ·Γ
′
p ≤ 2 by
Lemma 2.8(1). Thus −KY · Γ
′
p = 1 by Lemma 5.10(1), therefore C intersects infinitely
many curves of anticanonical degree 1, contradicting Lemma 5.10(3). 
Proof of Prop. 5.8. Let D ⊂ X be a fixed prime divisor of type (3, 1)sm, and X 99K
X˜
f
→ Y the MMP for D, where Y is a smooth Fano 4-fold and f is the blow-up of a
smooth curve C ⊂ Y . Since C has positive intersection with some effective divisor in
Y , there exists a one-dimensional face σ of Eff(Y ) such that C ·σ > 0. By Lemma 5.17,
we have σ 6⊂ Mov(Y ), thus σ contains the class of a fixed prime divisor B ⊂ Y such
that B · C > 0. Then Lemma 5.16 yields the statement. 
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5.3. Fixed divisors of type (3, 0)Q
In this section we describe some properties of Fano 4-folds having a fixed prime divisor
D of type (3, 0)Q. Our main goal is to show the following result, which will be used in
section 5.7.
Proposition 5.18. Let X be a smooth Fano 4-fold with ρX ≥ 6, and suppose that X
has a fixed prime divisor of type (3, 0)Q. Then one of the following holds:
(i) X contains a prime divisor covered by rational curves of anticanonical degree 1;
(ii) X has a covering family of rational curves of anticanonical degree 3.
Let us fix a notation for the situation studied in this section.
Setting 5.19. Let X be a smooth Fano 4-fold with ρX ≥ 6, D ⊂ X a fixed prime
divisor of type (3, 0)Q, and X
ϕ
99K X˜
f
→ Y the MMP for D, where f is of type (3, 0)Q
and Y is Fano. Set p := f(Exc(f)) ∈ Y ; we have Sing(Y ) = {p} and p is a factorial,
terminal, l.c.i. singularity (see Lemma 2.19).
Lemma 5.20. Assume that we are in Setting 5.19. Let C ⊂ Y be an integral curve
containing p. Then we have the following:
(1) −KY · C ≥ 1 and −KY · C 6= 2;
(2) if −KY · C = 1, then C = f(ℓ), ℓ ⊂ X˜ an exceptional line with Exc(f) · ℓ = 1;
(3) p belongs to (at most) finitely many curves of anticanonical degree 1.
Proof. The proof is analogous to that of Lemma 3.11. 
Lemma 5.21. Assume that we are in Setting 5.19.
(1) If R is a small extremal ray of NE(Y ), then p 6∈ Locus(R), and f(ℓ)∩Locus(R) = ∅
for every exceptional line ℓ ⊂ X˜.
(2) If ψ : Y 99K Y˜ is a SQM, then p ∈ domψ, and Th. 2.7 holds for ψ even if Y has a
singular point. Moreover f(ℓ) ⊂ domψ for every exceptional line ℓ ⊂ X˜.
Proof. Let R be a small extremal ray of NE(Y ). Recall that Y is Fano, hence R is
K-negative. By Lemma 2.19 Y has an isolated terminal l.c.i. singularity at p. By
the works of Kawamata, Andreatta and Wi´sniewski, and Kachi (see [Kac98, Th. 1.1,
Cor. 2.2] and references therein), for every irreducible component T of Locus(R) we
have (T,−KY |T ) ∼= (P
2,OP2(1)). Therefore p 6∈ T , because T cannot belong to infinitely
many curves of anticanonical degree 1 by Lemma 5.20(3).
We conclude that p 6∈ Locus(R), thus Locus(R) is contained in the smooth locus of
Y , and the locus of R and its flip are described in [Kaw89]; in particular Locus(R) is a
finite disjoint union of exceptional planes.
Hence the transform of Locus(R) in X˜ is again a union of exceptional planes. If
ℓ ⊂ X˜ is an exceptional line, then ℓ cannot meet any exceptional plane by Lemma
2.8(3), hence f(ℓ) ∩ Locus(R) = ∅. This gives (1).
For (2), the same proof as the one of [Cas13a, Rem. 3.6] works: since Y is Fano, ψ
can be factored as a sequence of K-negative flips; the locus of each flip is contained in
the smooth part by (1), and the loci of the flips are all disjoint. 
Lemma 5.22. Assume that we are in Setting 5.19.
(1) If there exists an irreducible curve C ⊂ Y , containing p, with −KY · C ≤ 2, then
X contains a prime divisor covered by rational curves of anticanonical degree 1.
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(2) If −KY · C ≥ 3 for every irreducible curve C ⊂ Y containing p, then X has a
covering family of rational curves of anticanonical degree 3.
Proof. We know by Lemma 2.19 that D˜ := Exc(f) is either a smooth quadric, or a cone
over a smooth 2-dimensional quadric, and that Y has a l.c.i. singularity at p.
5.23. We suppose first that there exists an irreducible curve C ⊂ Y such that p ∈ C
and −KY · C ≤ 2. Then by Lemma 5.20(1)-(2) we know that −KY · C = 1 and that
C = f(ℓ), where ℓ ⊂ X˜ is an exceptional line with D˜ · ℓ = 1. In particular ℓ intersects
D˜ transversally at a smooth point q.
The exceptional line ℓ corresponds, under ϕ : X 99K X˜ , to an exceptional plane
L ⊂ D, such that D is smooth along L and the birational map ϕ|D : D 99K D˜ realizes
locally D as the blow-up of D˜ at q, with exceptional divisor L.
Let r ⊂ D˜ be a curve corresponding (under the isomorphism D˜ ∼= Q) to a general
line in Q through q, and let rX ⊂ D be its transform in X. We have −KX˜ · r = 2, and
r meets ℓ transversally at q. By Lemma 2.8(1) q is the unique point of r belonging to
an exceptional line, and −KX · rX = 1; moreover rX ∼= r ∼= P
1 and rX is contained in
the smooth locus of D.
In the blow-up of D˜ ∼= Q at the smooth point q we have NrX/D
∼= OP1 ⊕ OP1(−1);
in particular −KD · rX = 1, and by adjunction D · rX = 0. Thus ND/X|rX
∼= OP1 , and
we get an exact sequence of sheaves on P1:
0 −→ OP1 ⊕OP1(−1) −→ NrX/X −→ OP1 −→ 0.
Since Ext1(OP1 ,OP1 ⊕OP1(−1)) = 0, we deduce that NrX/X
∼= O⊕2P1 ⊕OP1(−1).
Therefore h1(rX ,NrX/X) = 0 and h
0(rX ,NrX/X) = 2. This implies that both
Hilb(X) and Chow(X) are smooth at [rX ], and locally of dimension 2 [Kol96, Th. I.2.8
and Cor. I.6.6.1]. Let V be the irreducible component of Chow(X) containing [rX ].
Then dimV = 2, Locus(V ) is an irreducible closed subset with dimLocus(V ) ≤ 3, and
since X is Fano and −KX · rX = 1, Cv is an integral rational curve for every v ∈ V .
Let S ⊂ D be the strict transform of the union of lines in D˜ ∼= Q through q. Then
dimS = 2 and S ⊆ Locus(V ). Moreover S intersects the exceptional plane L in a
conic Γ, and S contains the curve rX . We have D · Γ < 0 and D · rX = 0, thus
dimN1(S,X) ≥ 2.
If dimLocus(V ) = 2, then for any x ∈ Locus(V ) there are infinitely many curves
of the family V through x. This implies that Locus(Vx) = Locus(V ) = S, but this is
impossible because N1(Locus(Vx),X) = R[V ] by Lemma 2.5, while dimN1(S,X) ≥ 2.
Therefore Locus(V ) is a prime divisor, and we have (1).
5.24. Suppose now that −KY · C ≥ 3 for every irreducible curve C ⊂ Y containing p.
Let W be a maximal covering family of rational curves in Y , of minimal anticanonical
degree among such families. Since some curve of the family must contain p, we have
−KY · [W ] ≥ 3.
By (the proof of) [Kol96, Th. IV.2.4] the family W is “generically unsplit” in the
terminology of [Kol96]. This implies that for y ∈ Y general, the curve Cw is integral
for every w ∈Wy, therefore dimN1(Locus(Wy), Y ) = 1 by Lemma 2.5.
Since ρY ≥ 5, by [Del14, Rem. 5.5] we have dimN1(B,Y ) ≥ 2 for every prime divisor
B ⊂ Y , hence we must have dimLocus(Wy) ≤ 2.
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Even if Y is singular, it has l.c.i. singularities, and Sing(Y ) is a point; thus [Kol96,
Th. II.1.3] yields dimW ≥ −KY ·[W ]+1. We can apply this to get [Kol96, Cor. IV.2.6] as
in the smooth case, and we get −KY ·[W ] ≤ dimLocus(Wy)+1 ≤ 3, thus −KY ·[W ] = 3.
We also know that the curve Cw is integral for every w ∈ Wp, thus as before we
deduce that dimLocus(Wp) ≤ 2, in particular Wp ( W . This means that there is a
non-empty open subsetW 0 ⊂W such that for every w ∈W 0 the curve Cw is an integral
rational curve contained in the smooth locus Yreg = Y r {p}.
Let w ∈ W 0 and let fw : P
1 → Yreg be a morphism given by the normalization of
Cw. Then, for general w ∈ W
0, fw is a free rational curve in Yreg. Hence by [Kol96,
Prop. II.3.7], for general w ∈ W 0, the curve Cw is disjoint from the images in Y of
exceptional curves in X˜, namely Cw is contained in the open subset where the map
X 99K Y is an isomophism. Therefore X has a covering family of rational curves of
anticanonical degree 3, and we have (2). 
Proof of Prop. 5.18. It is a straightforward consequence of Lemma 5.22. 
5.4. Elementary divisorial rational contractions
Let X be a Fano 4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2. We have defined in section
5.1 the type of a fixed prime divisor D ⊂ X, in terms of the unique MMP for D. In
this section we show that whenever D becomes the exceptional divisor of an elementary
divisorial contraction on a SQM of X, this contraction is of the same type as D, and
contracts the same class of curves from X (Corollaries 5.26 and 5.28). This is false in
general for smaller values of ρX , and generalizes to arbitrary fixed prime divisors some
properties that we have seen in section 4.1 for type (3, 0)sm (and any ρX), in particular
Prop. 4.11.
Lemma 5.25. Let X be a smooth Fano 4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2,
and D ⊂ X a fixed prime divisor. Let ψ : X 99K X ′ be a SQM, and g : X ′ → Y ′
an elementary divisorial contraction with exceptional divisor the transform of D. Let
X
ϕ
99K X˜
f
→ Y be the MMP for D, and set ξ := ψ ◦ ϕ−1 and ξY := g ◦ ξ ◦ f
−1.
X ϕ
//❴❴❴
ψ
((♠ ❤
❞ ❴ ❩ ❱ ◗
X˜
f

ξ
//❴❴❴ X ′
g

Y
ξY
//❴❴❴ Y ′
Then Exc(f) ⊂ dom ξ and f(Exc(f)) ⊂ dom ξY , so that f and g are locally isomorphic.
Proof. If D is of type (3, 0)sm this follows Prop. 4.11 (and its proof), and if D is of type
(3, 1)sm this follows from (the proof of) [Cas13a, Cor. 3.19].
Suppose that D is of type (3, 0)Q, and set p := f(Exc(f)) ∈ Y . Notice that ξY is
birational and an isomorphism in codimension 1, that is, a SQM. Then p ∈ dom ξY by
Lemma 5.21(2), and the statement follows as in the proof of Prop. 4.11.
Finally, suppose that D is of type (3, 2), and recall that in this case ϕ is an isomor-
phism (see Th. 5.1), so we can assume that X = X˜ and f : X → Y . Notice that by our
assumptions on ρX and δX , Rem. 2.17(3) yields that NE(f) is the unique D-negative
extremal ray of NE(X), thus NE(f) = (−KX +D)
⊥ ∩NE(X) by Lemma 2.16(1).
If ψ is an isomorphism, the statement follows from Cor. 5.2.
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Let us assume that ψ is not an isomorphism. In particular X is not a product of
surfaces, thus δX ≤ 3 by Th. 2.12. By Rem. 2.17(2) D does not contain exceptional
planes, and [Cas13a, Cor. 3.14] yields dimN1(Exc(g),X
′) = dimN1(D,X) ≥ ρX−δX ≥
4. Therefore g is of type (3, 2) (see Rem. 2.15(1)-(2)) and Exc(g) is covered by curves of
anticanonical degree 1 (see 2.14), thus Exc(g) ⊂ dom(ψ−1) and D ⊂ domψ by Lemma
2.8(3).
Let F ⊂ Exc(g) be a general fiber of g, and FX ⊂ D its transform. Since (−KX′ +
Exc(g)) ·F = 0 in X ′ (see 2.14), we have (−KX +D) ·FX = 0 in X. On the other hand
NE(f) = (−KX+D)
⊥∩NE(X), therefore [FX ] ∈ NE(f); this implies the statement. 
The following is a straightforward consequence of Lemma 5.25 and Th. 5.1.
Corollary 5.26. Let X be a smooth Fano 4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2.
Let ψ : X 99K X ′ be a SQM and g : X ′ → Y ′ an elementary divisorial contraction. Then
g is either of type (3, 0)sm, or (3, 1)sm, or (3, 2), or (3, 0)Q. Moreover, let D ⊂ X be
the transform of Exc(g) ⊂ X ′, so that D is a fixed prime divisor. Then g and D have
the same type.
We associate to every fixed prime divisor D a smooth rational curve, moving in a
family which dominates D. When D is of type (3, 0)sm, this is the same as Def. 4.10.
Definition 5.27 (the curve CD moving in a fixed divisor D). Let X be a smooth Fano
4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2, and let D ⊂ X be a fixed prime divisor.
Let X
ϕ
99K X˜
f
−→ Y be the MMP for D (unique by Cor. 5.2). Let CD ⊂ D ⊂ X be,
respectively:
– if D is of type (3, 0)sm or (3, 0)Q: the transform of a general line in Exc(f);
– if D is of type (3, 1)sm: the transform of a line in a general fiber of f ;
– if D is of type (3, 2) (so that ϕ is an isomorphism): a general non-trivial fiber of f .
We note that CD ∼= P
1 and D · CD = −1 for every D, and that CD moves in a family
covering a dense subset of D. Moveover CD is contained in the open subset where
ϕ : X 99K X˜ is an isomorphism. Finally we have −KX · CD = 1 if D is of type (3, 2),
−KX · CD = 2 if D is of type (3, 1)
sm or (3, 0)Q, and −KX · CD = 3 if D is of type
(3, 0)sm.
The following corollary follows immediately from Lemma 5.25.
Corollary 5.28. Let X be a smooth Fano 4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2.
Let ψ : X 99K X ′ be a SQM and g : X ′ → Y ′ an elementary divisorial contraction. Let
D ⊂ X be the transform of Exc(g) ⊂ X ′, so that D is a fixed prime divisor. Then
CD ⊂ domψ and g(ψ(CD)) = {pt}.
5.5. The dual of the cone of movable divisors
Recall that we have the following cones of curves in N1(X):
mov(X) ⊆ Mov(X)∨ ⊆ NE(X).
It has been shown by Choi [Cho12] that in a Mori dream space X, the cone Mov(X)∨
is generated by the classes of families of curves covering at least a divisor, on X or on
a SQM of X (we refer the reader to [Cho12] for a precise statement). In our situation,
thanks to Cor. 5.28, we do not need to consider SQM’s, and we can describe Mov(X)∨
simply in terms of mov(X) and of the curves CD (see also Lemma 5.30).
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Lemma 5.29. Let X be a smooth Fano 4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2.
(1) 〈[CD]〉 is a one-dimensional face of Mov(X)
∨, not contained in mov(X), for every
fixed prime divisor D;
(2) Mov(X) =
(
〈[CD]〉D fixed
)∨
∩ Eff(X) and Mov(X)∨ = 〈[CD]〉D fixed +mov(X).
Proof. We first show (2). Notice that the two equalities are dual to each other, so it is
enough to prove the first one.
The inclusion ⊆ is easy. Indeed Mov(X) is generated by the classes of movable prime
divisors, and if B0 is such a divisor, then B0 6= D for every fixed prime divisor D, so
that B0 · CD ≥ 0.
Consider now an effective divisor B such that B ·CD ≥ 0 for every fixed prime divisor
D ⊂ X, and let us run a MMP for B. Since B is effective, the MMP must end with B
becoming nef.
We show that the MMP cannot have divisorial contractions. Otherwise, by consid-
ering the first divisorial contraction, we get a diagram
X
ψ
99K X ′
g
−→ Y ′
where ψ is a SQM, and g : X ′ → Y ′ is a B-negative elementary divisorial contraction.
Let D ⊂ X be the transform of Exc(g). Then D is a fixed prime divisor, and by
Cor. 5.28 we have CD ⊂ domψ and [ψ(CD)] ∈ NE(g). We have B · CD ≥ 0 in X,
contradicting the fact that g is B-negative. We conclude that the MMP yields a SQM
X 99K X ′ such that the transform of B in X ′ is nef, and hence B is movable. Therefore
we have the equality
Mov(X) =
(
〈[CD]〉D fixed
)∨
∩ Eff(X).
We show (1); let D0 be a fixed prime divisor. Then we have D0 · CD0 < 0 and
D0 · CD ≥ 0 for every fixed prime divisor D 6= D0, therefore
[D0] ∈
(
〈[CD]〉D fixed,D 6=D0
)∨
∩ Eff(X) and [D0] 6∈ Mov(X),
hence (
〈[CD]〉D fixed,D 6=D0
)∨
∩ Eff(X) ) Mov(X)
and dually
〈[CD]〉D fixed,D 6=D0 +mov(X) ( Mov(X)
∨.
This shows that 〈[CD0 ]〉 is a one-dimensional face of Mov(X)
∨. Moreover CD0 ·D0 < 0,
thus [CD0 ] 6∈ mov(X). 
Lemma 5.30. Let X be a smooth Fano 4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2.
Then one of the following holds:
(i) ρX ≤ 11 and X has an elementary rational contraction of fiber type;
(ii) Mov(X)∨ = 〈[CD]〉D fixed.
Proof. We know by Lemma 5.29 that
Mov(X)∨ = 〈[CD]〉D fixed +mov(X) ⊇ 〈[CD]〉D fixed.
Suppose that (ii) does not hold, so that Mov(X)∨ is strictly bigger than the cone
〈[CD]〉D fixed. Then there exists a one-dimensional face σ of mov(X) which is also a
one-dimensional face of Mov(X)∨. Dually, this means that the hyperplane σ⊥ cuts
both a facet of Mov(X) and Eff(X). By [Cas13a, Cor. 2.25] this implies that X has
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an elementary rational contraction of fiber type, and ρX ≤ 11 by Th. 2.13, so we have
(i). 
In the setting of Lemma 5.29, a fixed prime divisor D ⊂ X determines a facet of
Mov(X), given by Mov(X) ∩ C⊥D . For a rational contraction g : X 99K Z, consider the
corresponding cone σ := g∗(Nef(Z)) ∈ MCD(X). The following lemma describes the
geometrical meaning for g of the condition σ ⊆ Mov(X) ∩ C⊥D.
Lemma 5.31. Let X be a smooth Fano 4-fold with ρX ≥ 7, or ρX = 6 and δX ≤ 2.
Let D ⊂ X be a fixed prime divisor, and consider the corresponding curve CD ⊂ D.
(1) Let f : X 99K Y be an elementary rational contraction. Then f∗(Nef(Y )) ⊂ C⊥D if
and only if f is divisorial with exceptional divisor D.
(2) Let f0 : X 99K Y0 be an elementary divisorial rational contraction with exceptional
divisor D, and let g : X 99K Z be a rational contraction. Then g∗(Nef(Z)) ⊂ C⊥D if
and only if g ◦ f−10 : Y0 99K Z is a rational contraction.
Proof. We show (1). If f is divisorial with exceptional divisor D, then CD ⊂ dom f and
f(CD) is a point by Cor. 5.28, therefore f
∗(Nef(Y )) ⊂ C⊥D.
Conversely, assume that f∗(Nef(Y )) ⊂ C⊥D . We know by Lemma 5.29(1) that 〈[CD]〉
is a one-dimensional face of Mov(X)∨, not contained in mov(X). Dually, this means
that the hyperplane C⊥D cuts a facet of Mov(X), and not of Eff(X). Thus f
∗(Nef(Y ))
is contained in ∂Mov(X) and not in ∂ Eff(X), which means that f is divisorial. By the
first part of the proof, f∗(Nef(Y )) ⊂ C⊥Exc(f). This implies that D = Exc(f).
We show (2). If h := g ◦ f−10 : Y0 99K Z is a rational contraction, then g
∗(Nef(Z)) =
f∗0 (h
∗(Nef(Z)) ⊂ f∗0 (N
1(Y0)) = C
⊥
D .
Conversely, set σ := g∗(Nef(Z)) ∈ MCD(X), and assume that σ ⊂ C⊥D . Then
σ is contained in Mov(X) ∩ C⊥D , which is a facet of Mov(X) by Lemma 5.29(1). Let
τ ∈ MCD(X) be such that σ ⊆ τ ⊆ Mov(X)∩C⊥D and dim τ = ρX−1. Let f1 : X 99K Y1
be the rational contraction such that τ = f∗1 (Nef(Y1)); notice that f1 is elementary, and
by (1) it is divisorial with exceptional divisor D.
X
f0
~~⑥
⑥
⑥
⑥
f1

✤
✤
✤
g
  ❅
❅
❅
❅
Y0
g◦f−1
0
77◗ ❱ ❩ ❴ ❞ ❤
♠
//❴❴❴ Y1 // Z
Since σ ⊆ τ , the composition g ◦ f−11 : Y1 → Z is regular (see for instance [HK00,
Lemma 1.7] or [Cas13a, p. 592]). Moreover the composition f1 ◦ f
−1
0 : Y0 99K Y1 is an
isomorphism in codimension 1, and hence a SQM. Finally, g ◦ f−10 : Y0 99K Z is the
composition of a SQM with a regular contraction, therefore it is a rational contraction.

5.6. Fixed divisors of type (3, 2)
In this section we conclude our analysis of the different types of fixed divisors, by
considering the case of type (3, 2): we show the following result, which will be crucial
in section 5.7.
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Proposition 5.32. Let X be a smooth Fano 4-fold with ρX ≥ 12 and δX ≤ 1. Then
one of the following holds:
(i) ρX = 12 and there exists f : X → X1 where X1 is smooth and Fano, f is the blow-
up of a smooth, irreducible surface, and X1 has an elementary rational contraction
onto a 3-fold;
(ii) for every fixed prime divisor D ⊂ X of type (3, 2), we have N1(D,X) = N1(X).
Proof. Suppose that (ii) does not hold, and let D0 ⊂ X be a fixed prime divisor of type
(3, 2) with N1(D0,X) ( N1(X). Since δX ≤ 1, the subspace N1(D0,X) is a hyperplane
in N1(X).
5.33. We have Mov(X)∨ = 〈[CD]〉D fixed by Lemma 5.30. Consider the class [CD0 ] in
Mov(X)∨, and let D1, . . . ,Dr be all the fixed prime divisors such that 〈[CD0 ], [CDi ]〉 is
a face of Mov(X)∨.
The cone Mov(X)∨ has dimension ρX inN1(X), hence the classes [CD0 ], [CD1 ], . . . , [CDr ]
generate all N1(X). Since N1(D0,X) ( N1(X), and [CD0 ] ∈ N1(D0,X), there exists
i ∈ {1, . . . , r} such that [CDi ] 6∈ N1(D0,X). Suppose i = 1 for simplicity.
5.34. We show that, up to replacing CD1 with CDi for some i ∈ {2, . . . , r}, we can
assume that D0 ∩D1 6= ∅.
Indeed, suppose that D0 ∩ D1 = ∅; in particular we have D1 · CD0 = 0. We claim
that there exists a one-dimensional face σ of Mov(X)∨ such that 〈[CD0 ]〉 + σ is a face
of Mov(X)∨ and D1 · σ > 0.
This is an elementary fact from convex geometry, that can be seen as follows. Let
τ1, . . . , τs be all the one-dimensional faces of Mov(X)
∨, except 〈[CD0 ]〉. Notice that
since D1 is fixed, we have [D1] 6∈ Mov(X) = (Mov(X)
∨)∨, hence the hyperplane D⊥1
intersects the cone Mov(X)∨ in its interior, and contains [CD0 ]; in particular there exists
some i ∈ {1, . . . , s} such that D1 · τi > 0.
Since 〈[CD0 ]〉 is a face of Mov(X)
∨, there exists α ∈ N 1(X) such that α · [CD0 ] = 0
and α · τi > 0 for every i = 1, . . . , s. Set
λ := max
i=1,...,s
D1 · τi
α · τi
and I := {i ∈ {1, . . . , s} | (D1 · τi)/(α · τi) = λ}. Notice that λ > 0, and that D1 · τi > 0
for every i ∈ I. Now set β := λα− [D1] ∈ N
1(X). Then β · [CD0 ] = 0,
β · τi = λα · τi −D1 · τi ≥ 0 for every i = 1, . . . , s,
and β · τi = 0 if and only if i ∈ I. Thus η := β
⊥ ∩Mov(X)∨ is a face of Mov(X)∨,
of dimension at least 2, containing 〈[CD0 ]〉, and such that D1 · τ > 0 for every one-
dimensional face τ of η different from 〈[CD0 ]〉. Now we just choose a one-dimensional
face σ of η such that 〈[CD0 ]〉+ σ is a 2-dimensional face.
5.35. Clearly [CD1 ] 6∈ σ, because D1 ·CD1 < 0. Thus by 5.33 there exists i ∈ {2, . . . , r}
such that σ = 〈[CDi ]〉; for simplicity we assume i = 2.
Since D0 ∩D1 = ∅, we have D1 · C = 0 for every curve C ⊂ D0, hence N1(D0,X) ⊆
D⊥1 . Since N1(D0,X) is a hyperplane, we get N1(D0,X) = D
⊥
1 . On the other hand
D1 · CD2 > 0, therefore we have [CD2 ] 6∈ D
⊥
1 = N1(D0,X). Moreover D1 and D2 are
not numerically proportional, hence D⊥1 6= D
⊥
2 . This means that D
⊥
2 6= N1(D0,X),
therefore D0 ∩ D2 6= ∅, and we can replace D1 with D2. Thus we can assume that
D0 ∩D1 6= ∅.
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5.36. We show that D1 is of type (3, 2).
Otherwise, let X 99K X˜
g
→ Y be the MMP for D1. Since D0 cannot contain ex-
ceptional planes by Lemma 2.17(2), the transforms D˜0 and D˜1 respectively of D0 and
D1 in X˜ must still intersect; recall also that D˜1 does not contain exceptional lines by
Rem. 5.6. Since dim(D˜0 ∩ D˜1) = 2 and g is either of type (3, 0) or of type (3, 1) by
Th. 5.1, g cannot be generically finite on D˜0 ∩ D˜1. Let Γ ⊂ D˜0 ∩ D˜1 be an irreducible
curve, disjoint from any exceptional line, and contained in a fiber of g.
Let Γ′ ⊂ X be the transform of Γ. Then Γ′ ⊂ D0 and Γ
′ ≡ mCD1 for some m > 0,
contradicting that [CD1 ] 6∈ N1(D0,X). Therefore D1 is of type (3, 2).
5.37. Let f : X → X1 be the contraction of type (3, 2) with Exc(f) = D1 and NE(f) =
〈[CD1 ]〉. We show that f is of type (3, 2)
sm, and that X1 is smooth and Fano.
Since D0 ∩ D1 6= ∅, D0 intersects some non-trivial fiber F of f ; on the other hand
we must have dim(D0 ∩ F ) = 0, because N1(F,X) = R[CD1 ] and [CD1 ] 6∈ N1(D0,X).
Therefore it cannot be D0 · CD1 = 0 (for otherwise D0 ⊃ F ), and we conclude that
D0 ·CD1 > 0 and that D0 intersects every non-trivial fiber F of f . This in turns shows
that every such fiber has dimension one, and hence that f is of type (3, 2)sm and X1 is
smooth (see 2.14). Moreover NE(f) is the unique D1-negative extremal ray of NE(X)
(see Rem. 2.17(3)), hence X1 is Fano by [Wi´s91, Prop. 3.4(i)].
5.38. We show that [CD0 + CD1 ] ∈ mov(X).
We have already D0 ·CD1 > 0, and by [Cas13b, Lemma 2.2(b)] we also have D1 ·CD0 >
0. Let us consider CD0 +CD1 . We have M · (CD0 +CD1) ≥ 0 for every movable divisor
M of X, and D · (CD0 + CD1) ≥ 0 for every fixed prime divisor D ⊂ X different from
D1 and D2. Moreover
D0 · (CD0 + CD1) = D0 · CD1 − 1 ≥ 0,
and similarly for D1. Recall that
Eff(X) = 〈[D]〉D fixed +Mov(X)
(see 2.20); thus we have [CD0 + CD1 ] ∈ Eff(X)
∨ = mov(X).
5.39. By 5.38, the face 〈[CD0 ], [CD1 ]〉 of Mov(X)
∨ intersects mov(X) outside zero.
Dually, this means that τ := Mov(X) ∩C⊥D0 ∩C
⊥
D1
is a codimension 2 face of Mov(X),
contained in the boundary of Eff(X).
Let τ0 ∈ MCD(X) be such that τ0 ⊆ τ and dim τ0 = ρX − 2, and let g : X 99K T be
the rational contraction such that g∗(Nef(T )) = τ0. We have ρT = ρX − 2, and since τ0
is contained in the boundary of Eff(X), g is of fiber type.
Since τ0 ⊂ C
⊥
D1
, by Lemma 5.31(2) the composition h := g ◦ f−11 : X1 99K T is a
rational contraction, of fiber type; moreover ρT = ρX1 − 1. We conclude that h is an
elementary rational contraction of fiber type for X1, therefore ρX1 ≤ 11 by Th. 2.13.
Thus ρX1 = 11, ρX = 12, and we get (i). 
5.7. Proof of Theorem 1.1
In this section we show the following result, which implies Th. 1.1.
Theorem 5.40. Let X be a smooth Fano 4-fold with ρX ≥ 12. If X has a fixed prime
divisor of type (3, 0)sm, then ρX = 12 and there exists f : X → X1 where X1 is smooth
and Fano, f is the blow-up of a smooth, irreducible surface, and X1 has an elementary
rational contraction onto a 3-fold.
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Before proving Th. 5.40, we need an auxiliary lemma.
Lemma 5.41. Let X be a smooth Fano 4-fold with ρX ≥ 7, D ⊂ X a fixed prime
divisor of type (3, 0)sm, and X 99K X˜ −→ Y the MMP for D, where Y is a smooth
Fano 4-fold and f is the blow-up of the point p ∈ Y . Then p cannot belong to any fixed
prime divisor in Y .
Proof. By Lemma 4.4(2) and (3), p cannot belong to a fixed prime divisor of type (3, 2),
nor to an exceptional plane. Suppose that p belongs to a fixed prime divisor B ⊂ Y .
Let Y 99K Y˜
g
→ Z be the MMP for B, B˜ ⊂ Y˜ the transform of B, and p˜ ∈ B˜ the image
of p.
If B is of type (3, 0)sm, let C1 ⊂ B the transform of a general line through p˜ in
Exc(g) ∼= P3. Then p ∈ C1 and −KY · C1 = 3, contradicting Lemma 4.4(2). If B is of
type (3, 0)Q, let C2 ⊂ B the transform of a general line through p˜ in Exc(g) ∼= Q ⊂ P
4.
Then p ∈ C2, −KY ·C2 = 2, and there are infinitely such curves, contradicting Lemma
4.4(3). The case where B is of type (3, 1)sm is analogous. 
Proof of Th. 5.40. Since X has a fixed prime divisor of type (3, 0)sm, in particular X
is not a product of surfaces, and moreover ρX ≥ 12; thus we have δX ≤ 2 by Th. 2.12.
If δX = 2, then [Cas13b, Th. 1.2] yields the statement. Therefore we assume for the
rest of the proof that δX ≤ 1.
5.42. We know by 2.20 and Lemma 2.23 that Eff(X) is generated by the classes of fixed
prime divisors. Moreover Th. 4.3 implies that the fixed prime divisors of X cannot be
all of type (3, 0)sm. Therefore there exist two fixed prime divisors D,BX ⊂ X such that
D is of type (3, 0)sm, BX is not of type (3, 0)
sm, and 〈[D], [BX ]〉 is a face of Eff(X).
Moreover, again by Lemma 2.23, we have 〈[D], [BX ]〉 ∩Mov(X) = {0}.
Let X 99K X˜
f
→ Y be the MMP for D, so that Y is a smooth Fano 4-fold with
ρY ≥ 11, and f is the blow-up of the point p ∈ Y .
5.43. We note that Y cannot have a covering family of rational curves of anticanon-
ical degree 3. Indeed if so, the point p should be contained in a connected curve of
anticanonical degree 3, which is impossible by Lemma 3.12.
5.44. Let C1, . . . , Cs ⊂ Y be the images of all exceptional lines in X˜ , and recall that
p ∈ Ci for every i = 1, . . . , s. We show that [Ci] ∈ mov(Y ) for every i = 1, . . . , s.
Indeed if [Ci] 6∈ mov(Y ), there is a one-dimensional face σ of Eff(Y ) such that
σ · Ci < 0. By Cor. 2.24, σ is not contained in Mov(Y ), therefore σ = 〈[G]〉 where
G ⊂ Y is a fixed prime divisor with G ·Ci < 0. This gives p ∈ G, contradicting Lemma
5.41.
5.45. We show that Y has a fixed divisor of type (3, 2).
By Lemma 2.21(3) the divisor BX ⊂ X is the transform of a fixed prime divisor
BY ⊂ Y , and Lemma 4.14 yields that BY is not of type (3, 0)
sm, because BX is not.
Therefore BY is either of type (3, 2), or of type (3, 1)
sm, or of type (3, 0)Q (see Th. 5.1).
If BY is of type (3, 2) we are done, and if BY is of type (3, 1)
sm, then Y has also a
fixed divisor of type (3, 2), by Prop. 5.8.
Finally suppose that BY is of type (3, 0)
Q, and apply Prop. 5.18. By 5.43, we conclude
that Y has a prime divisor T covered by rational curves of anticanonical degree 1. For
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every i = 1, . . . , s we have Ci∩T = ∅ by Lemma 4.4(2) and Lemma 2.8(1); in particular
T · Ci = 0.
Since T is effective, τ := mov(Y ) ∩ T⊥ is a face of mov(Y ). On the other hand
[Ci] ∈ mov(Y ) by 5.44, thus [Ci] ∈ τ for all i = 1, . . . , s. By Lemma 5.7 we get
dim τ ≥ dimN1(D,X) − 1 ≥ ρX − 2 = ρY − 1,
thus dim τ = ρY − 1. Dually this means that [T ] generates a one-dimensional face of
Eff(Y ). Cor. 2.24 implies that T is a fixed divisor, hence it is of type (3, 2) by Lemma
2.18.
5.46. We show that X has a fixed prime divisor EX of type (3, 2), disjoint fromD. This
is enough to conclude the proof, because then we have N1(EX ,X) ⊆ D
⊥ ( N1(X), and
Prop. 5.32 yields the statement.
We have shown in 5.45 that Y has a fixed prime divisor EY of type (3, 2); let EX ⊂
X be its transform. Set ψ := f ◦ ϕ : X 99K Y . Since EY is covered by curves of
anticanonical degree 1, by Lemma 3.11(1) EY is contained in the open subset where
ψ is an isomorphism. Hence D ∩ EX = ∅, and moreover EX is covered by curves of
anticanonical degree 1 and is not nef. Thus EX is a fixed prime divisor of type (3, 2)
by Lemma 2.18. 
6. Examples
Example 6.1. Let p1, . . . , pr ∈ P
4 be general points, and set X˜r := Blp1,...,pr P
4. It
follows from the work of Bauer [Bau91] (see also [Muk03, §12.5]) and Mukai [Muk05]
that, for every r ≤ 8, there is a SQM X˜r 99K Xr such that Xr is a smooth Fano 4-
fold, with ρXr = 1 + r ≤ 9, and every fixed prime divisor of Xr is of type (3, 0)
sm.
Furthermore, for r ≥ 4, Eff(Xr) is generated by fixed prime divisors.
Let us consider the case r = 8. The 4-fold X˜8 is studied in detail in [Muk05, §2]; let
us briefly recall some of Mukai’s results.
The points p1, . . . , p8 ∈ P
4 determine 8 points q1, . . . , q8 ∈ P
2, up to projective
equivalence, via the classical association or Gale duality [DO88, Ch. III]. Consider the
del Pezzo surface S := Blq1,...,q8 P
2, and let H ∈ PicS be the pull-back of OP2(1).
Then X˜8 = Blp1,...,p8 P
4 is isomorphic to the moduli space of rank 2 torsion free
sheaves E on S, with det(E) = −KS and c2(E) = 2, semistable with respect to −KS +
2H. Moreover there exists a SQM ϕ : X˜8 99K X8 with X8 smooth and Fano, and
ρX8 = 9; X8 is isomorphic to the moduli space of rank 2 torsion free sheaves E on S,
with det(E) = −KS and c2(E) = 2, semistable with respect to −KS .
The indeterminacy locus X˜8 r domϕ contains the following exceptional lines: the
transforms of the 28 lines in P4 through 2 of the blown-up points, and the transforms
of the 8 rational normal quartics through 7 of the blown-up points. It is interesting to
note that h0(X8,−KX8) = h
0(X˜8,−KX˜8) = 6, (−KX˜8)
4 = −23, and (−KX8)
4 = 13
(these numbers can be computed using the results in section 3.1). In particular −KX8
is not very ample, while −KX7 is (see [Cas15, §1.5]).
Example 6.2. Let p ∈ P4 and let Λ ⊂ P4 be a plane containing p. Let Y → Blp P
4 be
the blow-up of the transform of Λ in Blp P
4. Then Y is Fano, toric, with ρY = 3. The
blow-up X˜ of Y at two general points is still toric, and there is a SQM X˜ 99K X, given
by a composition of 3 flips, such that X is a toric Fano 4-fold with ρX = 5; this is R3 in
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Batyrev’s list [Bat99]. One can check that X has 6 fixed prime divisors, of which only
two are of type (3, 0)sm, the two exceptional divisors of X 99K Y .
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